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1.1. Overview XA
(V 3
ey
Traditional surveillance and communication systems use ﬁg
P70, 0 y
a single sensor such as a radar or a sonar for the detection, ng.n‘
identification and tracking of targets. In these systems, ey

2

s

complete sensor observations are available at a central )
e
location and classical hypothesis testing and estimation u--;‘
. . . INACNE
procedures are employed for signal processing [l}. There is NG
- .l -
;-' \ *
. . . . . . N
an increasing interest in simultaneously employing several ;'}0
Co Iy
] ) Sy
sensors and sensing techniques, such as, sonics, microwave, AraS N

infra-red and X-ray sensors. The basic goal of such mul-
tiple sensor systems is to improve system performance, e.g.,
reliability or speed. This can be achieved by properly
combining the information obtained from the various sensors.
Other factors which have necessitated the use of multiple
sensors are the increase in the number cf targets under con-
sideration and the increase in required coverage.

The decomposition of processing is essential for
controlling the complexity of computation. Central compu-
tation is just too costly in both memory and time. Moreover,

the distribution of computation may enable us to use parallel
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processing. This will reduce the computation time which q&
. I
often grows exponentially. Furthermore, for large-scale }th
Ty
. . . . . RN
complex systems, a distributed implementation is almost TNy
®
essential. Also, as the external environment changes, A
. 1, (
! X . . . . . . WLt
" adaptation to change is easier in distributed processing ﬂﬁﬁ&z
: . : . P
systems. In a complex information system comprising of a )ﬂqﬂ
e
very large number of sensors and a large volume of infor- )
4".-'\':~
mation, a central processor will require e very large band- NS
iy
. . . . . -."‘-" !
width, and therefore a distributed implementation will be RSN
much i RN
more attractive. h.. ‘\l‘;‘
. . . . . RHOH
Distributed processing of signals is a natural way 'ﬁt%
St
to treat the problem of hypothesis testing when there are gﬂﬁ'
L
many sensors located at different geographical sites. 1In R
. & 'C‘V ; ,
general, classical statistical decision theory can not be EW\
~ ;
used to solve problems that fall into a distributed ,fﬂh
4
decision-making framework. The mathematical tools that we Bgdbi
Y
have, usually assume a centralized configuration and can be Qﬂg:g
AR
employed to handle the hypothesis testing problems for NN
®
systems shown in Figures 1.1 and 1.2. Note that in the NG
LIty
W,
system of Figure 1.2, raw data from the multiple sensors is NN,
.‘ﬂ_f~
- . . . Gy
2 transmitted to the data fusion center for centralized pro- Trred
) @
E cessing. Organizing a community of decision makers to iﬁf?'
SRy
y . . ]
? perform a global task is a challenging problem. Even b¢$\
: (A5
g problems that are trivial in a centralized setting become pEANE
@
E very difficult in a distributed environment. To illustrate :gﬁEST
|: . :.::N":‘;
. the difficulties, consider the binary Bayesian hypothesis }Q§‘
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testing problem for the system shown in Figure 1.1. The
decision rule at the data fusion center is obtained using
the well known result in classical detection theory [1}.
The decision rule is a likelihood ratio test (LRT), where
the value of the threshold is determined by the a priori
probabilities and costs. In the distributed configuration
as shown in Figure 1.3, the objective of the network con-
sisting of all the decision makers is to minimize a joint

cost function. Tenney and Sandell [2] have solved the prob-

lem and have shown that each decision maker implements a local

likelihood ratio test, However, the thresholds are coupled

and are obtained by solving a set of coupled nonlinear equa-
tions. In most cases, the solution of these nonlinear equa-
tions is a difficult matter.

The goal in this Report , is to consider some
distributed signal detection problems where the signal pro-
cessing is not centralized. The detection network consists
of a multitude of geographically distributed sensors which
collect observations from the environment. The problem is
to design a distributed detection system that processes the
noisy observations from these geographically distributed
sensors and fuses the partially processed data to perform
a global task. The objective of the work, reported in this

Report , 1s to solve problems that will extend the
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boundaries of classical detection theory to a distributed

framework. In the next section, we discuss the previous

work on the subject that has been reported in the literature.

1.2. Previous Work

Some recent work on the detection problem with multiple
sensors has been reported in the literature. Tenney and
Sandell [2], in their important effort, have extended the
classical binary Bayesian decision theory to the case of two
distributed sensors. This extension does not yield results
which are straightforward extensions of the classical re-
sults. The computation of detector thresholds at individual
detectors is usually coupled. Further work along these
lines has been performed in [2-9]. Sadjadi [3], extended
the results of [2] to the case of N decentralized sensors
and M hypotheses. Lauer and Sandell [4], considered the
Bayesian detection of signal waveforms in the presence of
noise. Ekchian and Tenney [5] formulated the Bayesian de-

tection problem for various distributed sensor network

tpologies. Each member of a team of decision agents re-

ceives a conditionally independent observation about some L
.n.... "-‘.‘

N

discrete hypothesis. The decision makers seek to optimize N
I-‘. “ ".h.'.h

. . . .. . RO Y

a team cost function by making discrete decisions which are RARNENE
. . . 4

then transmitted to other decision makers depending upon EATA
A

: : . ot

the topology. They derive the optimal decision rules for LAY,
AR

PAEAC N

NN
RGO

~J
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",. ::\ l." \G. !\)‘\j\".}
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each decision maker which turn out to be LRT's. Ekchian

and Tenney in [6], presented a general recursive methodology
for computing the optimal decision rules for each decision
maker for a tandem topology. This is achieved by reformu-
lating the stochastic optimal control problem as an equiva-
lent deterministic one. The problem is then decomposed into
subproblems which can be recursively solved using dynamic
programming techniques. Kushner and Pacut [8)] performed a
simulation study for a distributed detection problem using
exponential distributions. Tsitsiklis and Athans [9] demon-
strated that, in general, distributed hypothesis testing
problems are N-P complete. Their research provided theo-
retical evidence regarding the inherent complexity of
solving optimal distributed decision problems as compared

to their centralized counterparts.

The decentralized sequential detection problem has
been investigated in [10-12]. 1In [10], Teneketzis formu-
lated and solved a decentralized version of the Wald's
problem [13]. 1In his model, each detector is given the
flexibility of either stopping and making a decision or
continuing to take more observations. He showed that the
person to person optimal policies of the detectors are de-
scribed by thresholds which are coupled. More specifically,
the thresholds of detector i at any instant of time depend
on the thresholds of detector j, j=1,2,...,N, j # i,at all

past, present and future times. For a two-detector N-stage
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! detection system, he showed that the thresholds are de- Qﬁkﬁﬁ
d ’.‘-‘:‘ .‘- !
: termined by solving a set of 4N-2 equations in 4N-Z un- :{ﬁﬁﬁ
* [ J‘- ]
N
; knowns. Hashemipour and Rhodes [11] solved an N-stage, two- Lﬁﬁhﬂ
[ ]
? detector decentralized sequential hypothesis testing problem. :%f’ﬁ
NS
s In their modcl, each detector takes an observation and makes ‘?ﬁ
1
;

24
Rl o0,

a binary decision which is sent to the data fusion center. .

®
.

The fusion center is given the option of either stopping and

Pany

Y
N

making a decision as to which hypothesis is true or continu-

AL
B,
-

AR
ing to the next time stage. It is shown that at each time ';
instant, the optimal local strategies are LRT's. Further- SEEES
more, it is shown that the local decisions depend not only JQ

) L0
on the present and past observations, but on the past local e EF
decisions as well. 1In [12], the decentralized quickest ‘EES:J'&:
detection problem has been considered. Tsitsiklis ([14], %gﬁfi
considered a decentralized detection problem in which a &ﬁﬁit
number of identical sensors transmit a binary function of Eﬁagsj

RS
their observations to a fusion center which then decides Egigs'
which one of the two alternative hypothesis is true. He ::}EJ{
showed that, when the number of sensors grows to infinity, NGy
optimality is not lost if we constrain the sensors to use ?N
the same decision rule in deciding what to transmit. Re- Q
cently Hoballah [15] solved various problems in distributed &;ﬂgﬁ

NN
hypothesis testing. He solved the distributed detection 3;535
problem with data fusion using both the Bayesian and Neyman kﬁi%;
Pearson approaches. Other related work appeared in [16, 21]. §§§¥E
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1.3. Report Organization

In this Report , we consider some distributed
detection problems. We will derive the optimal decision
rules for the various distributed sensor network topologies
using a variety of optimality criteria.

In Chapter Two, we present the derivation of the optimal
decision rule at the data fusion center for the distributed
detection problem. We use two configurations for the data
fusion center, one centralized and the other distributed.

We assume that the local decisions and the thresholds of all

the detectors are known a priori.

In Chapter Three, we solve the problem of distributed
Bayesian hypothesis testing with distributed data fusion.
We derive the decision rules both at the detectors and at
the data fusion centers. An example is presented to illus-

trate the results of this chapter.

In Chapter Four , we solve the problem of distributed
Neyman-Pearson hypothesis testing for various network topolo-
gies. First, we formulate and solve the distributed detection

problem for a two-detector tandem topology. Then we extend

the results in two directions. First, we solve the problem
of distributed Neyman-Pearson hypothesis testing with distri-

buted data fusion. Then, we consider the problem of distributed

Neyman-Pearson hypothesis testing for a N-detector tandem

A4
L

o

LA

topology. An example is presented to illustrate the results ARG
o~

,;Flf
W
l~5

of this chapter.
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In Chapter Five, we present the derivation of the
optimal decision rule for a decentralized sequential detec-
tion problem using the Neyman-Pearson approach. Furthermore,

we solve the Bayesian sequential hypothesis testing problem

for a tandem topology configuration.

In Chapter Six, a summary of results, conclusions,

and suggestions for future research are presented.
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CHAPTER TWO

OPTIMAL DATA FUSION IN MULTIPLE SENSOR [\
DETECTION SYSTEMS

2.1 Introduction

Tenney and Sandell [2], have treated the Bayesian
detection problem with distributed sensors. They only con-
sidered the design of decision rules at the individual
sensors and did not consider the design of data fusion
algorithms. In this chapter, we investigate the latter
problem, i.e., the design of data fusion algorithms when
the decision rules at the individual sensors are known. We
consider two major options for signal proceséing in multi-
sensor systems with data fusion. 1In the first option, all
sensors report to a centralized computing facility as shown
in Figure 2.1. This is the conventional configuration for
a multi-sensor system with data fusion. Some signal pro-
cessing is done at the local sensor, and partial results
are transmitted to the data fusion center for further pro-
cessing. Global results can then be obtained at the data
fusion center. This option is attractive for many appli-
cations due to the communication bandwidth constraints found
in practice. The principal weakness of this configuration
is its vulnerability to the loss of the data fusion center.

The second option is to have a distributed data fusion con-
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figuration as shown in Figure 2.2 (only three sensors are

shown for the sake of clarity). In this option, some signal
processing is done locally at the sensor and partial results
are transmitted to all of the local data fusion centers for
further processing. Global results can then be obtained at
all of the data fusion centers. This option is attractive
for many applications because it is more robust than the
centralized configuration in terms of its vulnerability to
the loss of the data fusion center. Furthermore, each de-
cision maker in the distributed configuration has access to
the actual raw data at that site which may result in a per-
formance enhancement.

In this chapter, we consider the problem of optimal
decision combining in multiple sensor detection systems.
In Section 2.2, we derive the optimum fusion rule for the
centralized configuration when the individual detector de-
cision rules are known. The combining rule turns out to be
a function of the probability of false alarm and probability
of miss of individual detectors, i.e., the reliability of
individual detectors. An example is presented to illustrate
the result. In Section 2.3, we derive the optimum fusion
rules for the distributed configuration when the individual
detector decision rules are known. The combining rule at a
fusion site turns out to be a function of the probability
of false alarm and the probability of miss of the in-

coming decisions from the other decision makers, and its

14

L T S
LN e 2.0 -~ P ~ ~ >
G A - ~qu v a\) a~¢ - : a\ ~_~e~ \
d *‘ -!‘\\
Lty

saIN

\}\ ‘\\.‘1 \ '\“: “-
‘S%%‘& AN m




AN VIV

-

o S vl

X

- e

l' A"‘»

¥
0‘“

p:'.h f i.o

N g

c‘ 'o'

LRV B0 00 Bt ot AR 80D 6 0 0 AY W UN

yl

VO

> G ga-
e vy

3

Detector 1

[
L Detector 2 Banhuh

Data
Fusion
Center 1

1]

Data
Fusion
Center 2

Uis

Ugs

Data
Fusion
Center 3

Detector

0!
.. PLIg
. "} i{l
-

3

s
5;&

%

Figure 2.2 Distributed Detection with Distributed Data

Y3

L

W
Fusion Configuration for Three Decision Makers. Wt

ik I
l' Ve ! .#
..“ ..A'&::al'. t‘! 1'!'::"0'. l’

'V‘,.N '\

15

\¢N *Q?&ﬁﬂf 2:

l . '. .¢. '.'4\." "....h .I.’. ." Ba¥.

}F ~ Ly

: e ; ’K& \ x ‘x AN
\f )
"J‘v‘ =4 "-.. e \3:* e
\' WY ] M .l B I U \ ’

?‘.;A.:-:
\\. \“-
I'



cwn observation. An example is presented to illustrate the
result. Finally the results of this chapter are discussed

in Section 2.4.

2.2. Optimal Centralized Data Fusion

2.2.1. Problem Statement and Solution

Let us consider a binary hypothesis testing problem

with the following two hypotheses:

>

H

o signal is absent, and

>

H signal is present.

1
The a priori probabilities of the two hypotheses are denoted

by P(Ho) = P _and P(Hl) = P;. As shown in Figure 2.1, we

o}
assume that there are N detectors, Di’ i=1,...,N, and the
observations at each Di are denoted by Yo i=1l,...,N. We
will further assume that the observations at the individual
detectors are statistically independent and that the condi-
tional density function of the observations is denoted by

p(inHj); i=1,...,N; j=0,1. The independence assumption

implies that
p()’il}'j’ Hk) = p(yilHk) for i3 . (2-1)

Each detector, Di’ employs a decision rule gi(yi) to make a
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0 if Ho is declared VRS2
4 T { : (2-2) N

1 if H, is declared Nkt
Y

o
16 i
oA
i
" ':".t
dligh,

.. L e ne N I RN
I o A A
R R A S0 T AR R R N A A
A N A AN A A L d ' J'- ‘ ) By N N 3 j‘



We denote the probabilities of false alarm and miss of each d

] .
l % A
; detector by PFi and PMi respectively. These error probabili- f:, ;j
] Mot/
' ties are defined as C_.
WAOOOIY

¢

a = fagheti

P pFi Prob. [ui 1IHO] and ‘ hi
v N

(2-3) Ry

4 = = 1- Lt

' Py Prob. [ui 01H1] = 1-Pp;. Rt
n-r.

F After processing the observations locally, the decisions uy ngii
R

are transmitted to the data fusion center as shown in Figure poeis

n"*‘h‘_)ﬂ“}

i 2.1. The centralized data fusion center determines the ‘;\;'
R

p overall decision u, for the system, based on the individual *afkw
\ s
decisions, i.e., %ﬁﬂﬁn
R

) ®
] u, = y(ul, Ugysenny uN) . (2-4) NN
b (_V\I“..\’\
t:'_«.‘ﬁn.:-»
[ \’5 )
Our objective is to find the optimal data fusion rule fb“f;
09,

when the individual detectors have already been designed. °®
g, X

! Data fusion rules are often implemented as "k out of N" 353&,
" S
Ay
logical functions. This means that if k or more detectors Q::*f
'\'*-» »

decide hypothesis Hl, then the global decision is Hl’ other- b °
R
wise it is H , i.e., ég%k )
0 ' u“%ﬂ'
R
1 if Up + Uy * et uy > k ﬁg,ﬁ‘

u = (2-5) el
o S AV
0 otherwise , O
hY *‘
\.\,. 4

where u; € {0,1} for i = 1,2,...,N. Common logical functions 3&&1‘

Vv
AT

such as AND, OR, and majority gate are special cases of the

'k out of N" rule. In this section, we will consider a more

general formulation of the data fusion problem. The data

g S

v S i
P L -'\‘""f‘.*\
ot t PRI ” o
AR T Reaadin g

u



fusion problem can be viewed as a two-~hypothesis detection s
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problem with individual detector decisions being the observa-
tions. The optimum decision rule is obtained by minimizing

the overall risk function R defined as follows:
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R = E{J(uo, H)} (2-6)
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Our aim is to minimize R with respect to all the uncertain-

o
A
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T

ties present (ul,...,uN and H) over all possible strategies

-
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Y, i.e.,
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min E, y Jly(w), H ] | (2-7)
Y = patt
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where o
A\ /
u = (ul,uz,...,uN) ’ PY
u, = y(@ , uje {0,1} , .
and i ~ 

e

J(u0 =1, Hj) cost of deciding u, = i when Hj ®
is present. A
5?‘?'

Consequently, the problem faced by the data fusion center E@g:g

is centralized in nature and can be solved using the classi- ®
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cal approach. The result is presented in Theorem 2.1.
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of the Receiver Operating Characteristic (ROC); the optimal

centralized data fusion rule is given by

P 1 - P,.
In £ + § 1n M1
PN Pri
0 +
u =1
P,,. o -J
Mi > 10 “00
f ] oM % o1p 310000 (2-8)
s, 17 PRiug=0 17711
where
S, & the set of all i such that u; = 1,
S_ 8 the set of all i such that u; = 0
Proof:

The optimum data fusion rule is given by the following

likelihood ratio test [1]

~ Jo0

u =1
Aew) 2 p(ult) °" PyU5g
4 p(u Hoi u0=0 Pl(J01
where
é = 3 =
Ji; 2 30y, ilH Hy),
Since u; depends only on Yy
N
p(ulHy) T p(u;lHy) =
i=1
+
=0T (1 -P
i
S+
In a similar manner,
19
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are functions of probability of false alarm and probability
of miss. The data fusion center structure obtained here

attempts to optimally use the individual detector decisions
by forming a weighted sum and then comparing it to a thresh-

old.

2.2.2. Example

We consider a simple binary hypothesis problem with two

detectors D1 and DZ' The probabilities of false alarm are

given to be PFl = PFz = %=, and the probabilities of miss are

given to be le = PMZ We assume the hypotheses to be
equally 1likely, i.e., P0 = P1 = % and choose the minimum
probability of error cost function, i.e., J00 = Jll =1,

J01 = JlO = 0. Now, the optimum data fusion rule is obtained
using Theorem 2.1. We consider the case when u; = u, = 1.
The log-likelihood ratio is given by

p(Hl‘E) _ 3
1n m = 2 1In 7 . (2‘15)

Since it is greater than the threshold zero, the decision
is Hl’ The results for the other combinations of u, and u,

are summarized below:

Global Decision u,

1
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H
H
H
H
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Note that the fusion rule turns out to be the AND rule. .2
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. o ‘-’ﬂn
Depending on the values of PO, Pl’ PMi’ PFi and the costs, ﬁ?&:
. . "'I:'f‘v' ¢
the fusion rule can be some other logical function. The ROC gﬁgﬁ'
Nas A
curve for this example is shown in Figure 2.6. e
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2.3.1 Problem Statement and Solution : 5:
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X In this section, we consider the same binary hypothesis tﬁgﬂﬁ
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testing problem as stated in Section 2.2.1 for the distri- 5?Ma;'
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buted data fusion configuration. In this system, after pro- ;Lﬁﬁé
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I, ={ uy, k=1,:..,N, k#i and yi}. Based on Ii’ DF,

makes a final decision ufi; i.e.,

ue, = Yi(Ii) . (2-16)

We wish to find the optimal data fusion rule at DFi’
i=1,...,N. The risk function Ri’ i=1,...,N, at DFi is

defined as

ne>

R.

i E[J(ufi, H)] . (2-17)

Our aim is to minimize Ri with respect to all uncertainties

present {Ii’ H} over all possible strategies Yi» i-e.,

min EIi,HJ(Yi’ H)

Yi

The optimal data fusion strategy at DFi for the distributed

data fusion configuration is given in the following theorem.

Theorem 2.2

Given N detectors Di along with their associated
decision rules and opcrating points (pDi’ PFi)’ and N data
fusion centers DFi’ i=1,...,N; the optimal distributed

data fusion rule at the site i is given by

=1
P 1-P,,. P ply; |H) Uei
1 M M i
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the set of all j such that uj 1, j # 1. ﬂ?”

s' 2 the set of all j such that uj =0, j #1i.

(2-19) PO

Proof: '

The objective is to find the strategy Y; so as to Whuis!

minimize E {J(ufi’ H)}, i=1,...,N. This is a classical o
detection problem, the solution is given by the following a){

ﬁﬁxw
likelihood ratio test 200

5 i

i u,..=1 W

i p PG, Y5 ) Py(J10-990) NS

A(E ’Yl) - 3 2 P. (J -J ) (2-20) Nl X
p(u :inHO) ufi=0 11 N

g
where Efax!
ui A (u u u u,,) (2-21)
- 122 7i-17 Ti+1°°° 7N e
A,

We have @
. elt
P(E}ryilH) = p(ul,..., Us 1 UjipqseseslUy inH) (2-22) %ﬁ?&

We assume that Uy depends only on Yo i.e.,
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Then, due to the independence assumption (2-22) becomes
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Taking the logaritim of both sides of (2-25), and proceeding BRI

as ir the proof ~f Theorem 2.1, wc have
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which completes the proof. Q.E.D. Rt
The data fusion rule at the site i can be implemented as
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shown in Fig. 2.5, where PR
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for j # 1i.

2.3.2. Example

We consider the same example as in Section 2.2.2,
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We further assume that the conditional densities p(yilHj),

i=1,2,; j=0,1, are exponential, i.e.,

p(y;IHy) = A exp (- Ay;)
p(y;IH{) = 2x exp (-22y;) . A>0, i=1,2
for y; 20,

and

p(inHj) = 0. i=1,2 , j=0,1 -elsewhere, (2-28)

Y

Using Theorem 2.2, we obtain the optimum data fusion rule
for this problem. We first consider the case when u,=1,
and in this case we obtain the data fusion rule at the

site 1. We have

T Y ¥

1 - Py !
In[2 exp(-Ayl)] + 1n ——F;;__ + 1n ?6

A AN AN S S N A AN N L
AN NN A A T A A e N e
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Substituting the numerical values in (2-29), we get

ugs,=1
3 f1
In[2 exp(-xyl)] + 1n 5 . g=0 0 (2-30)
f1
From this, we obtain
u,..=0
fl
v, : B2t =1 (2-31)
ugs,=1
fl
For the case when u, = 0, we obtain as before
bt
y;, 2 0=t (u,=20) (2-32)
ugy=t

Similarly for detector 2, we obtain the following likeli-

hood ratio test

ug)=0

Yo 2
gz~

In 3 A _ .
. T = tz(u1 = 1) (2-33)

and

y, 2.0 & t,(u; = 0) (2-34)

Note that in the case of distributed data fusion configu-
ration, we need to have the actual value of the received
data {Yi} before we can make a final decision. Further-
more, the final decision depends on the value of the re-

ceived local decisions {uj}. Basically, D1 waits for the

WOUCR
i
5 Y. ..'0
e
R

TR EEER
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SO 0’:
T
®
local decision u, from D2, then DFl makes a final decision ,,:vﬁl
e hY
based on the value of u, and the raw data Yi- The ROC curve &ﬂizﬁ
3
. . . . LS,
for this example is shown in Figure 2.6. As expected, the "*;
performance of a distributed data fusion configuration is ﬁﬁ%ﬁm
; §
superior to its counterpart - the centralized data fusion xmﬁré
o
configuration. % ”‘
AT
S
ar .;-
2.4, Discussion ::-frl
MaVee
In this chapter, we have considered the design of *gma&
NG
optimum data fusion algorithms for the signal detection a%?ﬁﬁ
.\
M . ) A
problem when multiple sensors are used for surveillance and 'ﬁﬁﬁl
. . . . ]
a global decision is desired. We have considered two gy
-"I:""(M
approaches to the data fusion problem. In the first approach, :jgﬁgk
" d
a centralized optimum data fusion structure has been de- Qﬁih&
rived which combines the decisions from the individual de- Ayl i
" U
cision makers while minimizing the overall risk function. t‘ '\:
\' T
P s s . . . . > J
Individual decisions are weighted according to their relia- 3&;&5'

bility, i.e., the weights are a function of the probability

of miss and the probability of false alarm of the individual

decision makers. 1In the second approach, an optimum distri-
buted data fusion structure has been derived which combines
the decisions from other decision makers and the raw obser-

vation at that site while minimizing the risk function at

that site. This approach gives a better performance than

the first approach since we are using the actual observation

y; instead of its quantized value u,. If we use the hard
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Figure 2.6.




decision u; at the fusion site i in the distributed con-

PEYTE W R T

figuration, we will obtain the same performance as in the
centralized configuration. In the distributed configura-

tion, we have a global decision (fused result) at each site

which makes the system more survivable for military appli-
cations. This is achieved at the expense of added communi-
cation amongst the sensors. In the next two chapters, we
will study the overall problem of distributed detection

using a distributed data fusion structure.
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CHAPTER THREE
DISTRIBUTED BAYESIAN HYPOTHESIS TESTING
WITH DISTRIBUTED DATA FUSION

3.1. Introduction

Some recent work on the Bayesian detection problem
with multiple sensors has been reported in the literature.
Tenney and Sandell [2] extended the classical Bayesian de-
cision theory to the case of distributed sensors without a
data fusion center. Ekchian and Tenney [5] then formu-

lated and solved the Bayesian hypothesis testing prob-

lem for various distributed sensor network topologies.

Hoballah [15] considered the problem of distributed :gé%
Bayesian hypothesis testing using a centralized data fusion .gégr
center. In this chapter, we solve the problem of distri- ;&g‘
buted Bayesian hypothesis testing with distributed data %é?é
fusion. In Section 3.2, we formulate and solve the distri- §g§i
buted Bayesian hypotheéis testing problem with distributed ?,Sa

data fusion for the case of N decision makers. In Section

v ‘v
Pl

Ay A X

3.3, we present the results for the case of two decision

L s

EE makers, and illustrate with an example. Finally, in NI
] »

) ~aak
F{ Section 3.4, we discuss the results obtained in this AN
o SV N

~ e

vy R
- chapter. RO
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3.2, Distributed Bayesian Hypothesis Testing with

Distributed Data Fusion

In this section, we consider the system as shown in
Figure 3.1. The Binary hypothesis testing problem is con-
sidered and the two possible hypotheses are denoted by HO

’

and Hl’ with given a priori probabilities P(Hj) = Pj

j=0,1. The ith decision maker,DMi,consists of two elements -

a detector Di and a data fusion center DFi,as shown in

Figure 3.2. The decision maker i, DMi’ takes an observa-

tion Yi» i=1,...,N, based on which the detector i, Di’ makes

a t decisi . u. . .. u. . ey UL
set of decisions (u11’ i2° s Uss 1 Yiieqe , 1N)

where u; . represents the decision made by Di and intended

o

for DFj. We will denote, by Eit,this decision vector genera-

ted at Di' As we will see subsequently, Di employs a
different decision rule while determining the different
elements of Usy- Each data fusion center j, DFj, rece‘ves

a decision vector (ulj, qu""’uj-lj’ uj+1j""’uNj) de-

noted by Ejr' The decision vectors u, and u. are trans-

t
ported over a communication network which is responsible
for all the processing necessary for transmission to the
appropriate DM's. For illustration, we show an explicit
signalling configuration for a three decision maker network
in Figure 3.3. In the above network each DM receives a de-
cision vector of length two and transmits a decision vec-

tor of length two. In this case, the vector u r consists

é A
of two elements,e.g., U, . = {ulz, USZ}’ and the vector Mt
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X 4
also consists of two elements, e.g., Uy, = {u21, uzs}. We

further assume that all uij e {0,1}, i=1,...,N, j=1,...,N.
The final decision of DMi at the site i, i=1,...,N,is de-
noted by Ugs -
The aim in this chapter is to find the optimal de-
cision and fusion rules at each site so as to minimize the
expected value of the overall cost at each site. The prob-

lem can be formulated as follows. Consider the system con-

figuration shown in Figure 3.1.

(A.1) DMi takes an observation Yo i=1l,...,N.
We assume that {yi, i=1,...,N} are
conditionally independent random variables

given the hypothesis H, that is,

p(y;H) (3-1)
1

n ==z

P(yys---yylH) =
1

(A.2) Based on its observation y., Di makes

i
N-1 local decisions us s i=l,...,1i-1,i+1,...,N,
i.e.,

i=1,...,N 3 j=1,...,N ; 1 # 3 .

The decision uij is an intermediate decision
made at D, whose purpose is to help DMj in

making its final decision ufj'
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1) (A.3) Based on y. and u. , DF. makes a final ‘

L 1 -1T 1 " k’ X

K OO

decision Ugss i=1,...,N , i.e., ~&

3’*4:

ugs =Yg s Yyp) - (3-3)

-~

The decision uf. is the final decision of ﬁf ,
i .

e i

DMi at the site 1i. nﬁ;

(A.4) The cost incurred in making the decision dh*’

: u.. at DM, is denoted by J(u.., H) where H N
K £5 j e b4 ( f] ’ ) :g\:;'_:;,"

is the true hypothesis. We assume that o

o
s
1':
A

"0 .h

= 3 = 3 . !‘
Jug; = i, ) 2 Jlugg = i, H), k#d ',
bhiantinty

} j=1,...,N ; i=0,1 ; k=0,1 . (3-4) e
R

All these inequalities are reasonable because Gy
they imply that an error is more costly than ——

‘no error.

(A.5) Also, we assume that

e,

"1

- plug; = 0luf, » wy = 0, ¥;)

?\,ﬂ"r r_a
.‘
2l

e
oo
5.

=1, y.) (3-5)

' > plugg = Olufy, vy i

.
5

5

’r"l

7
<

i=1,...,N ; j=1,...,N; i # j ; k=1,...,N

’
®

AR
R
|

7
i
.‘..

o

where

#I

9 oK 8y : .
LLP u: . without its kth element Upie

P
:J;.::. oA
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It is a reasonable assumption since in most practical Fxﬁijf

cases, one would expect that the probability that DMi

will declare H  is higher when DM, sends the decision T e

up; = 0 as opposed to u,. = 1. G

Under (A.1) through (A.S5), the problem is to obtain ™

- - - 3 '. *
ji° i=1,...,N,j=1,...,N, i # j, “2@*?

so as to he Jx
SRR

¢ Minimize E{J(Yfi()’i,in, j=1:°")N! j # i)! H)} ::‘.’::.’
f

Y, €T for i=1,...,N "'

1 |‘
‘I.. ::' ‘A

the optimum strategies Yege Y

subject to (A.1) - (A.5),

et
(P1) ¢ where -*'5-" N

o
Y; 2 (vpgr Yigs 351,2,.00,N, § £ Q) E“ '«.-?.
N
X
‘n

ji
and

l r g Set of all possible decision rules (3-6)

‘.
The solution to the problem (P1) is given by the following ;i'

theorem.

Theorem 3.1 o

The optimal decision rules associated with DMi’ AT
3 = ‘:'s."* (‘-*
i=1,...,N, are as follows. VIEORY

At the detector i, Di’ the decision rules Yij’ A

j=t,..., i-1, i+l,...,N are given by the likelihood ratio N )




o

ij
1\1()’1) u z= tl_] ’ (3'7)
ij
where |
p(y; |H)) %
A (y.) = 1 3-8 !
1()’1) p—G,—lTHOj' ( ) ] .“
and AN
) "_;H
‘:: , ‘
P {p[ ul =1,H 1-p[u,; | 1w =0H 1) A
u ) o oPHE Bypolyj=heto  PLUg; I85psty 55500,
fjs-jr
N
iI p(ukj IHO) J(ufj ’HO)
ty; ¢ KAL) (3-9)
i _ _ i -
. ) i Pyl plug; |uj,,u;5=0,Hy )-plug; [us ,u;5=1,H 1)
fj’—jr
N
kgl p(ukj|H1) J(ufjlﬂl)
KA, j

i=1,...,N ; j=l,..., i-1, i+l,...,N.

At the data fusion center i, DFi, the decision rule Yeio

i=1,...,N, is given by the likelihood ratio test

MOz te () (3-10)

where




e

p(ujllﬂo) [J(Uf1=1, HO) - J(ufj_:O’ HO)]

[

e

ct
Hn
e
~
e
[H
e ]
—
ne>
L ST N Y R s e
N Z:l_‘k [ .4

Proof:

p(ujilHl)[J(ufi=O’ Hl) - J(ufi=1, Hl)]

(3-11)

First, we obtain the decision strategy at the data

fusion center of DMi‘

The objective is to obtain the opti-

mum decision rules Yg; SO as to minimize E{J(yfi, H)} over

the set of all the decisions rules.

risk function at the site i is given by

Res = E(J(ug,, H)}

Expanding (3-12).

The average cost or

(3-12)

Rei = ) y J p (H) p(ufi,gir,le) J(ug;,H) dy  (3-13)

H’ufi, —ir y

where

A
Y = (yy5yys-

Then,using (A.1) - (A.S5) and noting that u

pend on yj, j=1,...,N, j # i, we have

Yy
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Summing over all values of Ugss and ignoring constant terms,

i
we have
Rfi = H uz J p(H) p(ufi=0‘-llir’yi’H) P(P_ir:_):m) J(Ufi = 0,H) dy
'Hr y
+ H Z J[ p(H) P(Ufi"lll_{ir»)’i:H) P(Eir:XIH) J(ufi=1,H) dy (3-15)
u,
=ir y

Gathering appropriate terms in (3-15) and using (3-3), we

have

Rfi =] J P(ufi=0 lgir’ Yi) y 2:{ J[i p(H) p(-l-l-ir’ yAL))
—ir y. Yy
[J(ufi=0,H) - J(ufi=1,H)] dy (3-16)
where
ig
Y 2 (yys--esY; .10 Yie1s:oYN) (3-17)

Expression (3-16) is minimized if
Plug=0ly;ps ¥5)
‘{() if g Ji p(H) p(gir, XJH)[J(ufi=0, H) - J(ufi=1’ H) ] dz} > 0
= Y

1 otherwise (3-18)
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Keeping in mind that Uy depends only on Y for k=1,2,...,N

’

k # 1, i.e.,uki = Yki(yk)»and using (3-1), we have

p(u. |H)

ir pluy; [H) . (3-19)

It
Wl o~

j=1
j#i

Using (3-19) and expanding the condition in (3-18) with

respect to H, we have

p(Hy) .gl pluy; ) ply; [B)) [Jug;=0, H) - J(ug;=1, H )]
7
N
+ p(H;) 'El p(ujilﬂl) p(yilHl) [J(ufi=0, Hl) - J(ufi=1, Hl)]
i
ufi=1
: 0 (3-20)
ufi=0

Rearranging equation (3-20), we obtain (3-10). Note that

the decision rule of (3-10) is an LRT which is a consequence
of the independence assumption. The threshold te; at DFi is
a function of the received decision vector u; o which implies

1

that at each DFi we have ZN_ thresholds. The value of each

threshold is different for different values of the incoming
decision vector u,
—ir
Now, we obtain the decision strategies, in(-) for
the intermediate decisions to be transmitted. Expanding the

risk function Rfi given in (3-14) with respect to uji and
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M ignoring a constant term, we have

: Rej = Lo J p(H) [p(ug; [ud ug; = 0, y;)

. j -
a P(Ufilgir, uji 1, yi)]
1

. p(leH) . p(uji=0lyj) . p(gjr, ijH) J(ugs,H) dy  (3-21)

Rewriting (3-21) in a more appropriate form, we have

A
t
o
o . .
1, = = J J

- Reg = | pluy;=0ly)) jj I g 0 poryl pdr )
v Y- Y *fi’=r
I J
&
." 3 [ j = - j = -
! TCogg,H) o [plugy o ou5=0,y,) - plugg fug,oug=ly) ] dy - (5-22)

&
[, This expression is minimized if -

| ey
! e
: .= 0ly.) = o
e ply; = Olyy)
.
;i 0 if J. ) 3 p(H)p(yle) p(gir,z}’ﬂ) J(ufi,H)

. j ug.,Hul

y. fi’7=ir ) ‘

;‘ » J = - J = .
t: [p(ufilgir,uji 0,y;) p(ufilgir,uj.1 1,y:)]

; <@? >0
S
» 1 elsewhere (3-23)

: Expanding (3-23) over H, we get equation (3-9), and which Zi:
5 i
o completes the proof of Theorem 3-1. Q.E.D. g?
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Note that the decision rule Y (y ) is obtained

by minimizing the risk function associated w1th DM;. In

tuitively, it makes sense, since the decision qu
mediate decision that helps DMi make a final decision Ugs -
None of the thresholds depend upon the observation vector
Y, so that an off-line calculation of the thresholds is

possible. The set of thresholds associated with DMi’

-y N, j # 1}

through the simultaneous solution of 2
N-1

can be determined

N-1 , N-1 nonlinear

{tfi' tji’ i=1, 2,

coupled equations in 2 + N-1 unknowns. It is important

to note that these equations are necessary conditions (but

not sufficient) which must be satisfied by the thresholds.

They define locally optimal solutions, each must be checked

to assure that a global minimum is found. In the next sec-

tion, an example is presented for illustration.

3.3, Example

We consider a binary hypothesis testing problem with

two decision makers DM1

assume that there are two hypotheses H

P(Hl)

and DM, as shown in Figure 3.4. We

1 and HO’ where
= p, and P(HO) = 1-p.

of error cost function, i.e.,

1
o
T

—

"

[en]

J(Uf1 and

1, Hl) J(ufl

J(ug; = 0, Hy) = J(ug, = 1, H))

1]
—

(3-24)

is an inter-

We choose the minimum probability
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Before we proceed further, we state the results of Section

3.2 for the case of N=2. They can be summarized in the

following:
ug;=1
A Gys) g_o tfi(uji) (3-25)
Uei™

''''''

where

to(u..) 4 P(HO) p(ujilHo) [J(ufi=1, H) - J(ug,=0, Ho)]
fit751 p(H;) P(uji]Hl) [TTu,, =0, H,) - J(u,=1, BT

(3-26)
The decision rule yji(‘) is given by
u..=1
J1 . .,
MOz Y for j=1,2 , (3-27) 5
ji
where o
¥
LU o8
uZ p(HO)[p(ufiluji=l, H) - p(ufiluji=0, H ) 1J (g, ,H0)
£ = fi
J1 = - =
uz p(Hl)[p(ufi|uji 0, H;) p(ufi[uji 1, H)1I(ug,; ,Hy)
fi
for i=1,2, j=1,2, i #3j . (3-28)

The optimal decision rules associated with DMi’ i=1,2,are
described by three thresholds at the site i. The thresholds
are determined by solving a set of three coupled nonlinear
equations in three unknowns. We further assume that the

conditional density p(inHj) are exponential, i.e.,

B U I TP et S e I T C oy S
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p(yl |H1) =
for Y >

p(yiiHj) 0 ; 1i=1,2 elsewhere (3-29)

The optimum decision rules at the site 1 are obtained from

equations (3-25)-(3-28). We have the following equations.

Ly i=1,2. (3-30)
1

The thresholds tfl(u21) and t,, are obtained using expres-

sions (3-26) and (3-28). We have

tey(u,,) = =P . P {1 o)
f1:721 P p(uZI]Hl)

{p(uf1=1[u21=1, Ho) - p(uf1=1|u21=0, HO)](I-p)
[p(ug=0fuy;=0, Hy) - plug;=0fu,;=1, H)]p

t

21
(3-32)
We can evaluate the thresholds using the probability density
functions and the decision rules. Note that expressions
(3-31) and (3-32) are coupled. One needs to solve them
simultaneously in order to obtain a solution. Next, we ob-

tain the error probabilities to be used in order to compute
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the thresholds.

P(u21=1|Ho) = . f PYZIHO(YZIHO) dy2 (3-33)
vyt rgd 2ty

Let A. > 1, then

| i

? 22
| I-%,
! and

| 1

! 1-2

] 2

|

}

Furthermore, one needs to get expressions for p(ufﬂ u,p H),

we have
M
I-)\l
plugy=l]uyy, Hy) = [Ap tgy(uy)] (3-36)
and
1
1-A1
p(uf1=1'u21: Hl) = [Al tfl(u21)] (3-37)

Using expressions (3-31) and (3-32), we obtain the following

coupled equations

Lo o e

A AT A AT AT
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2 M
l-Al ]:7;
e o Ll-p Mta (=01 7 - Dy g (uyy=D)] ,
21 P 1 !
. ~A]. I-Al
Ayt (uy= 0)] - Ay gy (uyy=D)]
- _1-p 1 ,
ta (=) = 5= 55 (3-38)
4P
Oue, ) 2
1 - (.t
- 1 -p 221
tey(uzy=0) 5 i
%,
1 - (tyy)

In Figure 3-5, we present the ROC curve for this example.

3.4 Discussion

In this chapter, we have considered the problem of
distributed Bayesian hypothesis testing with distributed
data fusion. We have derived the optimal decision rules
for the system. Due to the independence assumption, the
decision rules are likelihood ratio tests (LRT). At each

site, we obtain N-1

+N-1 coupled nonlinear equations. The

simultaneous solution of these equtions yield the ZN'1 +N-1
thresholds. These are necessary equations which must be

satisfied by all of the thresholds. There may be several
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local minima; each must be checked to assure that a global WY

minimum is found. In the case of N=2, we obtain the equa-
tions derived by Ekchian and Tenney [5] at each site. The :%gf
results of this chapter can be generalized to the case of Bien
M hypotheses in a straightforward manner. 1In the next W
chapter, we will study the problem of distributed Neyman- ey
Pearson hypothesis testing with distributed data fusion. e

Also, we formulate and solve the problem of Neyman- Pearson @?ﬁ?

distributed detection for a tandem topology network. 1'”:ﬁ
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CHAPTER FOUR
DISTRIBUTED NEYMAN-PEARSON HYPOTHESIS
TESTING WITH DATA FUSION

4.1. Introduction

In Bayesian hypothesis testing, knowledge of the
a priori probabilities and a cost assignment is required.

In many practical situations, it is difficult to assign
realistic costs or a priori probabilities may not be known.
An approach to bypass this difficulty is to use the Neyman-
Pearson (N-P) test. In this approach, the knowledge of

a priori probabilities and a cost assignment is not required
and, thereforé, it has many practical applications. In the
N-P detection problem, we maximize the probability of de-
tection under a constraint on the probability of false-
alarm.

In this chapter, we solve the problem of distributed
hypothesis testing with data fusion using the Neyman-
Pearson approach for various distributed sensor network
(DSN) topologies. The problem of distributed hypothesis
testing with a centralized data fusion using the Neyman-Pear-

son approach has been solved by Hoballah [15].In Section 4.2,
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we solve the Neyman --Pearson hypothesis testing problem
with data fusion for a specific two-sensor system. In
Section 4.3, these results are extended to solve the problem
of distributed Neyman-Pearson hypothesis testing with dis-
tributed data fusion. In Section 4.4, the results of
Section 4.2 are further extended to solve the distributed
Neyman-Pearson hypothesis testing problem for N detectors
connected in tandem. In Section 4.5, we present an example

for illustration.

4.2, A Distributed Neyman-Pearson Hypothesis Testing

Problem with Two Decision Makers

In this section, we consider the system configuration
as shown in Figure 4,1 . The two possible hypotheses, are
denoted by H or H,. Each decision maker i, DM;, takes an

observation Yi» i=1,2. Based on Yio DM, makes a decision

1

u, € {0,1} which corresponds to the hypotheses Ho or Hl'

1 is transmitted to DMZ' Then, based on u

and Y,s DM, makes a final decision u

The decision u 1

£2° The joint proba-
bility density function p(yl,yZIH) is assumed to be known

a priori. The aim is to find the optimal decision rule at
DM1 and the fusion rule at DM2 using the Neyman-Pearson
approach, i.e., we maximize the overall probability of
detection, Pr[uf2 = 1[H1], given a constraint on the overall

probability of false alarm, Priug, = 1IHO].

The problem is formulated as follows:

L & ~'\f\fﬁ.'f\?‘f V'-‘d'\fnil'
FaETon R - >
T A,

Y -r-ﬁ'v 7N
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Figure 4.1 A T..0 Tecision Maker Distributed
Detection System with Data Fusion.
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(A.1) Let {yi; i=1,2} be a set of conditionally SES&F
independent random variables given the hypo- &E%?x,
thesis H. $£EK&

(A.2) The decision maker 2 makes a decision :*'ﬁ;s
ug, where ::.'::E

KPR
gy = Y (e Up) (4-1) e
I
(A.3) The decision maker 1 makes a decision uy ’?»r;‘
where ;ﬁ;
u; = v, 0rq) (4-2) OR:
P
Under (A.1)-(A.3), the distributed binary N-P &G:EZ
hypothesis testing problem can be stated as follows: i;;:g:

>
A,

;s
L

Find the decision rules ycz(-) and yl(.a

=

so as to minimize

e

M S

'l

5

F = Pr[uf2=0|H1] + A(Pr[uf2=1|Ho] - a) (4-3)

S 2
e
L

i (P2)

o
be
1
o LA
€ 0

under the constraint that

Pr[uf2=1|H0] =o' < a (4-4)

where

<.

P
r

:Q.lﬂ:io
%-. :?. 2

A & the Lagrange multiplier . S A

The solution of problem (P2) js given by the SN

following theorem: NN
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- w ¢
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Theorem 4.1 ARl

For the two-decision maker system shown in Fig. 4.1,

the optimal decision rules using the Neyman-Pearson approach e

ek
are given as follows: hy W

»
(a) The optimum decision rule at DM2 is described by bA W
the LRT

s
1 jl"u?\r :r::

u =
ply,|H;) "f2 NN
R tey (u) (4-5) VY

where Yy .

IC>
go]
~

o

s

T
o
—
h
o
{-

2t T prETEy (4-¢)

¥}

=
o
-
Eﬁ
s
P {"

f@%
| ; e
AXIAXA

o

ot =] [ Py, lH.) pluy[H) dy, - (4-7)
’ A

-
~<
(3]
o=y
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(b) The optimum decision rule at DM1 is described by

the LRT
u,=1
Ay, 8 gézll:l; = t (4-8)
y = . < ’ -
171 p yll o] u1=0 1
where

A tplugymljm=1,H,) - plugy=1u=0, Hy)
1

(4-9)
[p(uf2=0'u1=0,H1) - p(uf2=0|u1=1, Hl)]

and
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a-p(uf2=1|u1=0, HO) )
pu_=1Tu.=1, BJ) - plu.=I]u,=0, 0 _ J p(YllHo) dy, (4-10) S
g2~ HivTh By g2-tug=0 Hy) o
yl-A(yl)Z tl ]

Proof: \k%
The decision rule at DM, is obtained as follows. The e

objective is to minimize F where e

F = Pr[uf2=0|H1] + A(Pr[uf2=1lHO] - a) (4-11) °

Equation (4-11) leads to the classical Neyman-Pearson test S
where the observations are {yz, ul}. In other words, we }\ﬂ

obtain the following test [1], A

=1

u
P%ur)'zml; f; X . (4-12) NN
P ul’YZHQ uf2=0 o

Using the independence assumption (A.1), we have L

u.,=1 ®
P(Ylel) fz Pcullﬂo) AR

A .
PORTHY S0 ICH 1] e

One needs to find an expression for the Lagrange multiplier
A to completely define the decision rule Yf2(°)‘ Since
the probability of false alarm Pr[uf2=1[Ho] < o, let us NS

choose

Pr[uf2=1|Ho] =a' <o . (4-14)
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We then have

el

“n

At

5
wk_
Cd

Pr[uf2=1|Ho] =q' = Z p(Uf2=1|u1: HO) P(UllHo) » (4-15)

s

a
L8
-

A

where

A

(4
§o

p(uf2=llul’ HO) = J p(uf2=1, y2|u1’ Ho) dyz . (4‘16)
Y2

Using Bayes rule, we have

Ih q

o o o
'éﬁg?v
.5 ]
AL L LA

=

i

o
R
o

plug,=1fuy, H)) = f Plugy=liuy, vy, H)) plyyluy, H) dy,. e
y "'i'n
) (4-17) E}f:.,g;«i

¥

Keeping in mind that Ues depends only on {ul,yz}, we have Ot

plug,=lluy, H)) = J plug,=liu;,y,) ply,|H)) dy, (4-18)
YZ et

)
Expression (4-18) can be simplified as follows: g§ﬁﬁﬁﬁ

plug,=lluy, H)) = g

P(uf2=lluly}’2) p(yleO) dyz ':J\ Ao

+ J p(uf2=1|u1:)'2) p(yZlHo) d}’z
YZ:AZ(.)<tf2(u1)

v weTTYT YT

(4-19) AR
AR

) ]
[
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%: if A >

; p(uf2=1|u1,y2) = (4-20)

! 0 otherwise ,

equation (4-15) becomes

»

.. plug,~1H) = o = ] | ply,IH)) pluy[H) dy,

L] u . A } i

: 1 yZ.AZ( )itfz(ul) (4-21) :3;:*

] o ‘“ﬁ
d A

which completes the proof of Theorem 4-1(a). Q.E.D. ﬂﬁgs
atavpy
; The decision rule at the decision maker 1 is obtained ww:"
[ " {
W as follows. Starting with expression (4-11), we have -f}'ﬁ
s e
? pgds,
: F = Pr[uf2=0!H1] + )\(Pr[uf2=1|Ho] - a) (4-22) )
i atad
Pad

.;'&I <
2L

5 un 2 T e v

Y Using {(4-15) in (4-22), we have

()

& =l plugg=0fuy, Hy) pluyiHy) o
o 1 S
'y NS
+ + A (z p(uf2=1lu1: HO) P(UllHO) -a) . (4-23) Y
41 ey
_ R
o Expanding the above expression with respect to up, we have ng;;
- '\:.
: B
S F = p(u,=0]H,) (D - D ) + D I
b Pty 1 olo,1 ol1,1 o|1,1 NGl
- N a0
: eﬁw é
] =
: * A= H Dy o = Dyjg,0) * Ppjo,o ~ o) (4729 sy
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Di|jk‘P(uf2—1|u13, H=H), i,j,ke (0,1} (4-25)

Writing expression (4-24) in the sam- form as (4-11), we

have

= p(uy=0fH)) + A [p(ui=1[H)) - a 3] + C q (4-26)
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The minimization of (4-26) yields the following LRT:
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Priuy=1|H_] - [T ALRE (4-29)
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which completes the proof of Theorem 4-1(b). Q.E.D.

In the next two sections, we generalize the results
of this section in two different directions. First, we
formulate and solve the distributed detection problem with
Jistributed data fusion centers. Then we solve the problem
of tandem topology distributed network for N decision

makers.

4.3, Distributed Neyman-Pearson Hypothesis Testing with

Distributed Data Fusion

In this section, we consider the system configuration
as shown in Figure 4.2. The signalling scheme for distri-
buted data fusion has already been described in Chapter 3.
Ia that chapter, we solved the distributed Bayesian hypo-
thesis testing problem with distributed data fusion. In
this section, we solve the distributed Neyman-Pearson

hypothesis testing problem with distributed data fusion.

The aim here is to find all of the optimal decision rules
at each site i,i=1,...,N. At the site i; the objective is
to maximize the probability of detection Pr[ufi=1|H1],
given a constraint on the probability of false alarm

Pr[ufi=1iHo]. we formulate the problem as follows:
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(A.4) Let {yi, i=1,...,N} be a set of independent 5&?ﬁkgi

random variable given the hypothesis H. e

(A.5) At each site i, the decision maker i makes a . P

set of intermediate decisions u._ where el
—it *x\g-:f{f-:.

A ) AR
Elt = (uil,... uii_l ’ Uii+1’...-,uiN) (4 30) - >

A S
and e

u.. = v..(y:) . (4-31) RSN,

(A.6) At each site i, the decision maker i makes a TR

inal decision u,. e
fina io fi e

h “‘i
i
ugg = Yei O Yip) o (4-32)
where
Yfi(-) is the final decision rule at the f,g:t ﬁt

site i, i=1,...,N, °
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(b) The optimum decision rule Yki(-), k=1,2,...,1i-1,

i+1l,...,N; at the detector k is given by the LRT

=1
A (v) POy lth) ki t (4-39)
= > . -
kVk AL ukfzo ki
1
where
A
tei T

A Zk (plug;=1[H ,ulr,ukl 1)-p(ug;=1{H_, u Uy ;=07 n p(u (IH)

z j=1
i jAiLk
' T, [p(ue.=0|H.,uX_,u .=0)-p(u..=0H ,u¥ ,u .=1)] p (u. : [H))
S SUR I A E e S Ui e SH Ko tde S Pt e E R
-t j#i,k
: (4-40)
b
\ and
] . N
- Lo Pl =0 TGy, (IH)
3 i 3#1 k
, riy;=1if,) = , N
) Z [p(u 1|H ulr,ukl 1)- p(u 1’”0’Eir’uki=0)].nlp(ujilHo) 5
' ur. = oS
! Ea itk P
1 AT
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Proof: O
2root Ewﬁ
” -
The strategy at the data fusion center i of DMi is ob- iatialia
Pileint
tained first. The objective is to minimize Prlug, = 0|H] L :
\~ !
under a constraint on the probability of false alarm, ﬁ' 'ﬁ
6*“ A
. - o . )
i.e., Pr[ufi llHo] al < aj. Let us define F; as Y ,“#”
L
[ ]
= = >\. = - . - -
Fi Pr[ufi 0|H1] + 1[Pr[ufi 1|HO] al] . (4-42) »aéyﬁu
I\..}'.'IA'J'
e
: My
The minimization of Fi leads to the classical Neyman- f:9xﬁu
W 3.} LS

Pearson test where the observations are {yi, j=1,2,...,N,

uji’
j # i}. In other words, we will obtain the following test [1]

Uu,..=1

p POy, by, [Hy) TFL
RSP Ely e v 1: 50 HUE:
Py Zirite Ues

A (4-43)
=0 1

Using the independence assumption (A.4), we have

P(Yi|H1) p(Hir|H1)
POy [F) plus 1)y 50 717

(4-44)
or

N p(u..[H)
i'"o’ |, ]
pfyi o] u ?=0 ! '51 p (U, . H15 (4-45)
1 .
#i

One needs to find an expression for the Lagrange multiplier oy
]
A, in order to completely define the decision rule y . (). I
1 fi PG
. . ., _ ‘-p\‘ o ‘,.:.p
Since the probability of false alarm Prlug,=1[H ] < a;, AN
' '(:_--,:- {‘-.,.
we choose Pr[ufi=1lHo] = al < oa;. PN
69
LT L P e L. SR I0 E T L R NP T S STV B AR R IO R R AT AR TS G AV R LIPS .
! *‘"’-'.‘-i N -:'-::.:": ::..\..\ e AT :: ARG ::..-:\ ..‘f'_gi\.‘j-\::;'t-.\i._} :;Q-"_.‘
e e e s T T e N e N N G e e LA RE AR




aatb §ab U0 520 Ba® dab Ji® Hed Vit vat AV a0 8" a0 %4 0", 40 ¢ TR AR ER R v g eat Y ‘0% *§le’sh: 'w‘l..- “She e Ve - Yo Vg 0%y B ta g ..'.

Using the theorem of total probability, we have E?&:g?

Tt
plugi=1lH) = ) plugy=1{u;,, H)) ply; [H) - (4-46) "':::"3

—ir ' °
Using the assumption that uji depends only on yj, (4-46) ﬁ\{

et
reduces to ,.::‘.:.:';:".! )

plu..|H) , ol

ji1' o / g-‘
1 (4-47) %- A
1 W, . W
(N a8

where T S W

p(ufi=1]Ho) = g p(ufi=1|2ir, Ho)
—ir %

‘OLII.:::Z

plugi=1lu;p, Hy) = j Plugs=1ly;,,y;) ply;lH)dy; \
Y3 (4-48)

Te.:::
R

The probability p(ufi=1|gi » V) € {0,1} depending on the

r

¢ o
S e
L,

values of {gi R yi} which is the set of observations that

r

o

the data fusion center i receives. Following the steps in

[ i gl v 8
2
ZLZTE L2 L

«
Z

equation (4-19) and (4-20), equation (4-48) can be written

as

e
plug =1lu; ., H)) = J ply IH) dy, .  (4-49) R
yiihes ()2t ()

7 ¢

G NS g

Then substituting (4-49) in (4-47), we get (4.38), and this

'y

completes the proof of Theorem 4.2(a).
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The decision rule in(-) for the decision maker j for

j=1,...,1i-1, i+1l,...,N,associated with the function Fi is

derived next. Substituting (4-46) into (4-42), we obtain

S
N I‘{'q: )
0 355000 e
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the expression for F. to be
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Expanding (4-50) in terms of Upis We have

1

N

= = k =

Fi gk Plug;=0fH) +uy ,uy;=0) 1
—ir I

N
- k -

+ gk Plug;=0fHy,u5,,u5=1) T

1

plug;IHy) pluy;=0]H,)

pluy;Hy) pluy;=1{H,)

) =1
—17Tr J
j#ik
A k p
+ . = = -
1[gk p(ufi 1|HO,Eir,Uki 0) .F p(uji]HO) p(uki‘olHo)
=ir .J_l
j#ik
y N
+ = = =
Ek plug; llHo,Hir, uy;=1) jgl p(ujilHo) p(uki—llﬂo)
—ir j=i,k
- ai] (4-51)
We can write (4-51) as
Fi = plu=0[Hy) Dy + Coy
P IpLug =) Dy + €y oy ] (4-52)
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MORLCHA
; i
u, .=1 e h
: p PO lHy) Tk AR
" Ay = > t,oo (4-58) Faas,
h k p(y, [H) < ki It
k"o u, .=0 Pt
k) kl ::"hb. -l
b .
1 1 i - = 3 l‘;\‘ &*'
p where t, . is given by equation (4-40) and p(uki llHo) is :y o
1] A Ny
; given by equation (4-41). This completes the proof of :: ;f
L) > ! X
Theorem 4-2. Q.E.D. AN
w"v"
A In the next section, we formulate and solve the prob- !'ﬁ.,‘i?}::
. . . 5 (o 0'.‘.
: lem of distributed Neyman-Pearson hypothesis testing in a k:'w
Wil
tandem topology network consisting of N decision makers. g"f‘ “.
- s
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4.4. Distributed Neyman-Pearson Hypothesis Testing in a AN
: PRRLALY
Tandem Topology Network -‘J.«.T’.'-}-.
@
Wi
! In this section, we consider the system configuration p ,‘c’f
Wyt
h as shown in Figure 4.3, We solve the distributed Neyman-Pear- 'g
2 X
son detection problem for an N-decision maker tandem ":&'.
. . . . T
topology. The distributed detection network can be viewed N
e
as a team of decision makers, where each decision maker -:-_}::}i"
- ‘P ‘!
. C . . : AN
receives a conditionally independent observation given the °
, . . .. F AN
, hypothesis H. The team of DM's desire to maximize the :E " 'uj
Y o N
, probability of detection Pr[uN=1|H1] of the last decision Rogd t
1 \ I-
o +
. N . Y W5
maker, DMy, » under a constraint on the probability of false > ".
AT
o
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, alarm Pr[uN 1[Ho] of DMN. s
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' We formulate the problem as follows: NN
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independent random variables given the hypothesis H.
(A.8) At the first site, the decision maker 1 makes a tj“&é»

decision u,, ' ®

= - ﬁ'"""
up = v, 0rg) (4-59) ]
(A.9) At the site i, i=2,...,N, the decision maker i o

.. . . . . K s
makes a decision u, based on the incoming decision iy

. . . AT
and its own observation, i.e., o

= AL
ui = Yl ()’1, ui‘l) . (4'60) .O‘:".‘.l":"::

) '..‘.:.A
Under (A.7)-(A.9) this problem can be formulated ’

as follows: o

At each DM, find the decision rule yi(-), ﬁ'

i=1,...,N, so as to minimize

Fy & Priug=0|H] + A [Priug=1H 1 - ay] e

(P4) under the constraint that i

AP

c
S
Priug=1]H ] = of < ay , (4-61) >
b
where N

Ay is the Lagrange multiplier. A

The solution of problem (P4) is given by the follow- BN

ing theorem:

e
Theorem 4.3 *”“E?‘

For the distributed detection system shown in e

&
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an " p(uN=1(ui=O,Ho)
p(uN=1]ui=1,Ho)-p(hN=1fui=O,Ho)

= UZ j p(yi‘HO) dyi p(ui_llHo).
i-1 yi:Ai(~)zti(-)
(4-67)
(c) The optimum decision rule Yl(-) at the site 1 1is
also descr‘bed by an LRT:
u.=1
) POy ) "1
i = > )
11 POLIHT 5 1 (4-68)

where 1

p(uy=1fu;=1, H ) - p(uy=1|u,=0,H)
17 M (uN=0Tu1=O A - TaN;Uqu1=1 HO) (4-69)
PN 17 Pty 1- 1%

and

ay - p(uN=l|u1=0,H0) _ {
p(uN=1Tu1=1,HO) - p(uN=1[u1=0,Ho)

yp:ih >t ()
(4-70)
The decision rule at DMN is obtained as follows.
The objective of the distributed detection network 1s to
minimize the overall probability of miss Pr[uN=O|H1] under

a constraint on the probability of false alarm Pr[uV=1iHO]=

ay < - We construct the function Fy.

AT AT VT A AT AT A NN T
. _-,\ e :\"«."\"

. ( - ". 4 \’~
'i* *“-“‘\.)\'_ ':"::J'-‘ )

p(y,IH) dy, -

e "l('l_r'i"").;"; A
€ i
NARNASI
A
RS | )
AN

3
w

3
¥
:

RN,

4 & &y
Fle )
il
N
e

h
2

)
Oy

,
o
e

",
d" &.’\
s

‘,‘:
- ‘..

g;
o
)

.

]/ ?
S @ o-
T E

-‘!'.)

+ €
L4

»
[4

'

Pl
3
¥

I. l.' -‘

&) _1

L
FRRSCMRL S

%

-

] -‘l .“l )
4
:. I.'

Py

~.
L4




TR

A

,

PRt il e ey

P RN )

iR M )

Ly

SRSV RS ELES2 2K Ty aa G e i e e
ST g L% TNYYS S LA P [\ Caa e R ¥
Spveele FEe ESRAL @ Sy o TN @UISE o AR @ BT
Sl L A - AL . - ] @ = BN o
R IR RN Pl -nlW Pe ¥y ﬁf o .-\-..-\N-d.f-vh P R SR RPN d \.\---.\- -ﬂ.ﬂqﬂ- --%N. [N -.x-nu‘-n. Y »
F 2P AR VCA TN, 3 J..r...m...f RIARAIRIIR St RN A R o SN A A OASRAA ..........x..,......”...“,..”. ..C.x\\
..,
-A
B |
.-‘
. B
~~ — ~ ~ o) ~~~ - :
— — ~ [g] ~ <t w N
r~ ] 1 ~ ©~ [ . ~ e~ r-
1 [ s | 1 — ~ ] V ~—~ )
L ] o} A5 <t o . < <t (o) <t
A 1= - . s ~— opd () — ~— T —
> Z (] Z —
() >, — — > ~ —
2 e = (@) !
= [ I P’
—~ 7] + —~ — -3
3] o 7 V] 3 — ~—
. 8] Q [="1] ~ — ! [ol)
o Z ¥ = (e} . R
n = « = jont 3 N
-~ n A () b o — ) — =
= [ = oY TS [¥) - - a,
3 — $~ 4 [ 3] 0 - [ 3]
(@} (o] = > | o ] Z < —~ —
] G o] [3+] . 8] Ka o] (@) (@]
() — <~ [¢3) [ [H) = T
~— = o o000 Q - = - —
(o) + ) o] )] —~ ! + k4 — - r—d P
ot n =z ol — Q 1l > ' 2
— o . T ~ o O Z. o - —
— + [} ()] - — (@] + = o] ot 3 jod)
fl (o] = =z o —] —~ [ Y . — _ —
=z 7)) o4 + ~< @] | ' Q o o — .
3 o + o P el = Z fa) il —
— ) I =) + 3 |3 (o] o 3 — 3] 7. P
~ ] - ol — o Q. ~— o Uy ' o) = o
o, — = © [ ] g Qo 0 ) v ~ =z o) ~— v -
— o e Z AV Z, o n vl 3 ~ (o9 — ;
= —~ ) 0O 3 =3 n . (5} -Z ol .
~< — 0 (@) w0 ~ St >~ fa i — — —
T~ O ~~ ~~ « o, 9~ o f foot —
+ 1 — 4 (o] kg ()] fl -7 - t~1 s -
<t [} — juss oy ) — o [ + fad o] = o] ..
— — o o — | — ] " Il D) — + + e
— ES] k4 — ~ = Z. AV 2 [ ~ (@] 1l " 0 el -
T (o] 1 ' Q =3 3 (3} Q, - IS) @]
I o (&) [} Z P4 ge} 5] = - — —
o ~ 4 =3 =3 = ge o —~ [e) = ) W '
" [ [ ) —~ [ ) I e [ jos = L~ o7
Z o <o - - - ol —| O -~ . — — = 3
3 o k4 ) Z . [} Uy (e} = — o] — (]
— o L) > S o — P — I () I 1 I
$— 3] + ~ ~ — [= Z| 2 O ~ et < 7. o]
. ~3 %) o o8 [e¥) el [N B ) ~ Ay o + 3 [ —
o ) z — (] — — [} c
" = ) (V) joNE Na¥ w0 o Q [o¥ Q S~ £ jon
o $— = o 4 n < (M)
=z, o) [ ) + ] @] e} + n —
9 e o) = [ (@) o] n
=] )] + o¥y] = = L o7 e
et o = o 8] = - o]
] [} o )] . — —
< [ = n = P ] n c —
= =¥ — jom) < —~ = = 3] a9
y 3 A N P % I.-.-.«JV:- IR b - ol ] BN A ey .



- Eah b A R T 2 o'l a PPNy
O PR Ry - h TR B W WL RO R Ahrtacata it A tetat ad, e | gt MR A A ol i i d X Syt

This completes the proof of Theorem 4.3(a). AR

D% W J
The decision rule y,(+), i=2,3,...,N-1, is obtained Qeany:

next. We start with the function Fy, e

N
Fy = Priug=0lH;] + Ay [Priug=1[H_ ] - oyl - (4-77) S

Expanding the probability 'f miss and false alarm with

respect to u,, we have

Fy = é. pluy=0,u; [H{) + 2y [g. plug=l,u;[H ) - ayl.  (4-78)
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Using Bayes rule, we obtain ”?:

fd

2
(2

7’1
5{.'

“.
p)
L
:"{
A

- — iy
FN - é p(uN"'Olul’Hl) P(UllHl) DN
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+ AN[E' plug=1lu  ,H)) pluy [H)) - agl . (4-79)
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Gathering similar terms and ignoring constant terms, we

o
h]
4

)

have

?

FN = p(ui=0IH1) D01

+ ayglp(uy=1{H)) Dy + Cpp - ayl, (4-80)

Dol = p(uN=0]ui=0,Hl) - p(uN=0|ui=1,H1) , (4-81)
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Fy = Priug=0[H ] + Ay[Prlug=1[H ] - ayl . (4-88)

Expanding Fy with respect to u;, we have

Fy = L plug=0,u fH) + Ag[] plug=l,upfi ) - oyl
Ul ul

(4-89)
Using the total probability theorem, we have

Fy = I puy0lup,Hy) plup[Hp) + 0 (T play=llugH) pluy [H) - o]
E E (4-90)

Gathering similar terms and ignoring constant terms, we

have
Ao N "~ Big
FN = p(u1=0[H1) + KN — [p(u1=l|Ho)' ——]r————-] (4-91)
ol lo
where
A
A lo
At 8 , (4-92)
uy N Ao1
Oy - B
o) & Ao, (4-93)
1 lo
Alo = p(uN=1Iu1=l,Ho) p(UN=1|U1=O,H ) N (4-94)
) = = - = = -
AOl = p(uN—O‘ul_O’Hl) p(UN O\ul 1;H1) (4 95)
and
Blo = p(UN=1]Ul=O,HO) . (4'96)

The minimization of expression (4-91) yields the follow-

ing LRT,

Yoy ?j’\?"
o
Sy By

£
2
jfk

dh

%
.?‘

b
L X

;ﬁ
s

[

e

S

oS
.0 5
'_ . ‘-

S5

o v
o
i
Il
’

FLEL S
gurhy
P
5 RA AL LT
3. -;in

S

L}
I W
)

\{.
S,
LA T T
R A A
T

\ I4
X

h ’)
'J. . ,:

t vt

P
5
B

(R )
.
Ps
I'e

(S
L%

AN

LRLYy
*‘

2 e Y

Er )]
AN

,
X




W’W“’ﬂj’?‘.L.mmﬂ““ﬂ.‘?ﬂ'\?\"ﬁ\“ﬁf;\'\.““\‘LN‘;V’J&'\‘V.\".Y

=1
| ply 1) "1
‘\ 7—-—]-H—T 2 AL'I (4-97)
j PY11H, u;=0 1
| and
p(u1=1|H0) = a&l (4-98)

This completes the proof of Theorem 4-3. Q.E.D.

4.5, Example

We consider a simple binary hypothesis problem with
two decision makers DM1 and DM2 as shown in Figure 4-1. We
assume that there are two hypotheses H, and H,- The obser-
vations at both decision makers are exponentially distri-

buted, i.e.,

P(y;IH)) = exp(-yy) (4-99)
p(y;IH)) = éL exp (- g% yi) s
6, >0, i =1,2 y; 20 (4-100)
and
ply;lHy) =0 i=1,2  otherwise . (4-101)

The optimum decision rules y.,(+) and y,(+) are obtained
P £2 1

using Theorem 4.1, we have

A (ys) 8 p(yilHl) - 2 1 ! 4
i ry) = BT?;THST = g; eXP[Yi( - g;)] (4-102)
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'
pu;=0[H,)
: t,(u,=0) = A STu. =0 H,T
;
E 1 - exp(- ti)
) and
! N p(uf2=1]ul=1,Ho) - p(uf2=1|u1—0,Ho)
L 1 p(ﬁf2=61u1=0,H1) - p(uf2=0|u1=1;ﬁ1)
N exp[- té(u1=1)] - expl- té(u1=0)] ‘108
g - SACTY T (u,=0) (4-109)
) expl- ___TT—'__] - expl- ———7;;———]
2

? where

1 Gi-l

- 1 . -

i i
i Finally, using (4.7) we obtain
L
.
‘ al= é p(ul)HO) j p(yZ}HO) dy2 (4-111)
: 1 yZ:AZ(')itz(ul)
¥
N = p(u1=OiHo) p(u2=1|u1=O,Ho) + p(u1=1]Ho) p(u2=1[u1=1,H0)
: (4-112)
; then
)
v = [1 - exp(- ti)] exp (- té(u1=0))
:
: s exp(- t]) exp(- th(u;=1)) (4-113)
; Solving (4-107), (4-108), (4-109) and (4-113) simultaneously,
.
. we obtain the desired thresholds. We show the ROC for the
" case when #,=2 and 8,=1.5 in Figure 4.4.
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4.6. Discussion AL

. l\(:" »”
i . S
$ In this chapter, we have considered the problem of A
K Ath

2 distributed Neyman-Pearson hypothesis testing for two dif- “I*:X

’ KRRV LN
)

ferent topologies. First, we solved the problem of dis-

(.
s
Sy
'
7

o tributed hypothesis testing with distributed data fusion.

A
S
& 5"
B

s
¥

Then, we solved the problem of distributed detection for

&
]
v

an N-decision maker tandem topology. In both cases, we

e

derived the optimum decision rules for each decision maker.

L

I‘)

22X,
P

>
N %

A We have shown that the threshold equations are coupled.

One needs to solve these equations simultaneously in order

™ to obtain a solution for the thresholds. There may be
several solutions for these coupled nonlinear equations.

Each solution must be checked to assure that the global

;-
<.,
e
Y - . P - -
) solution is found. We have also shown that the decision
o~ . . . . " . N
o rules are likelihood ratio tests, this is due to the inde- ‘i:‘
av.l ‘e -
oA
-« . i
. pendence assumption. The present analysis can be extended .8
N . : . . I
o in many directions. For instance, the case of M-ary hypo- R
X .q ',: .:_:. .r:
e thesis testing with N decision makers can be considered. e
Il ulF‘.K‘ %
i, In the next chapter, we consider the problem of distributed
& . .
) sequential detection.
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CHAPTER FIVE

DECENTRALIZED SEQUENTIAL HYPOTHESIS TESTING

s 5.1 Introduction

The decentralized sequential detection problem has
received some recent attention [10,11]. In [10], Teneketzis
considered a decentralized version of the Wald problem with
two decision makers. In his model, each detector was given

the flexibility of either stopping and making a decision or

A

‘l*'.’l
el

continuing to the next time stage. The coupling between the

l‘}
'

two detectors was introduced through a common cost function.

¢

20}

His results show that coupling causes considerable complexity

in the computation of the optimal stopping rules. In [11], ﬂh?:

Hashemipour and Rhodes examined a two-step, two-detector, ~%ﬁ\

hypothesis-testing problem with a data fusion center. They

AT

. . . . AN

also discussed its straightforward extension to a decentra- j@&
". ,'h

lized multi-stage sequential detection problem. Their model ::ﬂ:

is different from the one examined in [10]. In [11], the

sequential test is performed at the data fusion center and

local detectors have no control over the termination of the NS
test.
Here, we make some further contributions in the area

of distributed sequential hypothesis testing. First, we

-, ‘ ‘h
'_\‘_\{x}\ Ve
RSO '{". e
A .
N

NN s
\*\ ~

[
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solve the distributed sequential detection problem for a
tandem topology. This is a multi-stage extension of the
work of Ekchian and Tenney [5]. Then, we solve the sequen-
tial probability ratio test problem for the same model as
in [11].Here, however, Wwe use the Neyman-Pearson approach
for the solution of the problem.

In Section 5.2, we briefly discuss the centralized Wald
problem. The results are used in Section 5.3. In Section
5.3, we formulate and solve the decentralized Wald problem
for a tandem topology network. In Section 5.4, we formulate
and derive the decision rules for the decentralized sequen-
tial probability ratio test. Finally, in Section 5.5 we

discuss the results of this chapter.

5.2. The Centralized Wald Problem

At
In this section, we present briefly the centralized gﬁ;\
Y
Wald Problem and its solution. The Wald Problem is a well ::;::.r:
E4 f\f\
- g . . SRS A
known problem in statistical sequential analysis [13,18]. Py
ALY
It can be formulated as follows: N AN
o \':*:':':"
AR
(A.1) Consider two hypotheses {HO, Hl} where the a priori NSE
probability of H_ is given by R
o '-'\'-I' S
RN
_'_.-;_‘.-_:v,\_.r
b =P _ . - AR
Problfy]l = P ¢-b AR
:f{ﬁg&ﬁ

ML R
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(A.2) Consider a detector whose observation at time t

is denoted by y,. Let {y_; t=1,2,...} be a set
t t

of independent random variables. Based on

yt 8 (yl,...,yt), the detector makes a decision

u given by

U vy, ue {0,1) (5-2)

where y(+) is the decision rule.

(A.3) The cost of making a decision u at the detector is

J(u,H), where H is the true hypothesis.

(A.4) The detector must make a decision u no later

than t=N. Then the Centralized Wald Problem is to

Minimize E[J(v(y"), H)]

Yy € T
(P5)
Subject to (A.1) - (A.4) (5-3)
where
ré Set of all stopping rules
The solution to problem (P5) is given in [13]. It can

be summarized in the following theorem:

Theorem 5.1

The optimal decision rule at the detector is de-
scribed by (2N-1) thresholds TR Blserentyiys Baoge The

thresholds can be obtained from the following equations.
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(5-4)
(5-5)
(5-6)
(5-7)

y) ]
o)

)]
Oxe1Hy)

I, 1)

E_{ J(u,H) y¥T,
k

By P(Yyyq!Hy)
y

ax P (yk+1 I HO)
Bk p(yk+1]HO) * (I'Bk) p

O‘k p(yk*‘l‘HO) + (1'(11() p6’k+1lH1
- J(,1)

(Trep O
300, 0)

ue[0,1]

J(0,1)
a0
>

Yi+1
J(1,0) + J(0,1)

E
.,N, the detector evaluates p(H'|yk)

.,N-1)

1,.

“ WXy om
= min{min

<

N) and decides to stop or continue accordin
:.-
Cal
f

[Tpap (

=1,2,.
(+) denotes the expectation with respect to
k
)

LS

k (k

E [(J (
Vsl k+1

E

N

N
if t

b

) Yk+1
P H 1Y)
Yk+1

P(YypplY
N

By J(0,0) + (1 - 8,) J(1,0)
J
E

Oy J(0,1) +(1 - ak) J(1,1)
using its observation and compares p(Ho1yk) with e and SN

At each time t,t
to the following rule:

At t
and
where
and
At t
(or
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X
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o At t = k (k=1,...,N-1)
‘ A
Fa ™ n.,.\l b
> . ky . decid rad
o if p[Holy ] < a , decide H;, i
. k . f\""-qa'r"?
> o
:} if p[H0|}’ ] > Bk , decide HO’ h{_\c;\
Fad :,r\'
. k . . o S
if o < p[Hjly"] < By ,continue to take '_Qv’:f;_
; observations. "
e
r\.: e
o (5-8) .
N At t = N
: if p(H [yN) > 2,y » decide H
v 0 - °N o’
- N
;j if p(Holy ) < Yy decide Hy » (5-9)
: In this section,we have presented the centralized version }""::._
» LSRN
- of the Wald Problem - its formulation and its solution. In ',:::'*-','.';
[ (.'\"‘:""‘-
- the next section, we formulate and solve the decentralized L
g L
N Wald Problem for a tandem topology network. AN
: QI
v\ PRGN
) . vt
. 5.3. The Decentralized Wald Problem for a Tandem .-
L :"‘:'.'f-'
= Topology Network J_\J:;:
: A
Consider the tandem topology network as shown in L:“:‘,-‘-;;-'
®
Figure 5.1. It consists of two decision makers DM1 and DM2 el
- “.r:::-:‘_f
(7, connected in series. In this section, we formulate andg :-}.j-.j'
:., Y :.r"./
v solve the decentralized Wald problem for the svstem shown f"’
’ . - . -.!"
. in Figure 5.1. ::2}:&::
~ ‘~' < 1
-, The problem is formulated as follows: SAGNE
[ R
.J
J;f NN
W
e
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Ittty

N

. (A.5) Consider two hypotheses {H_, H;} where the a priori 0

i . . . ,3,,.:, \

probability of Ho is given by rat L

odolt

5 KRR
\ - _ »
Prob [HO] =P, - (5-10) 73

, A
.'g .. . o~ \:,,-u

" (A.6) The decision maker 1 makes a decision u, at time t h\' ::

y ey

§ given by §g‘b§

Y t ..

0 u, = v, (x7), u. e {0, 1}, (5-11) "}'.0.‘::’“;

P (hX]

h | . S

where yu(-) is the decision rule at DMl’ and %-3-.::‘;

x'C & (xl,...,xt) represents the set of observations ._‘

.K’, h by

at DM1 up to time t. :‘:E '

o

(]
S '
(A.7) Define ut 2 (u,,...,u,) where u, is the decision OO,
1 t t pA
= . .
) of decision maker 1 at time t. 4 ¥
il ')\.’
A Q
: " o
(A.8) The decision maker 2 makes a decision v _ at time t h :.::
it AN
- given by -
) P .:‘
& N
k) t % s
Y v, = v.(y)) , v, € {0, 1} (5-12) Pt Ay
" t v:'u t % :
Co
X Nendd
. where v _(+) is the decision rule at DM,, and -2
ha) :'
A ta s ut ts th t of ob GRS
o Y, T (yl,...,yt, u-) represents the set of obser- -‘.',"k,‘t\;
K . . l’la\‘.
; vations at DM2 up to time t. Note that ylf also :.':::.‘-:.‘-
r = contains ut, the set of incoming decisions from ,\,‘._9__;
) rk:::u" 4y
) DMl. ;‘.‘-,\.‘-\
2 A
Wy ',.‘\-:,x »
’ N . .. L%l
4 (A.9) Define vt & (v ,...,v,) where v_ is the decision of RSN
- 1 t t
TR
' DM, at time t. : ';“_Cf
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(A.10) The observations {xl,...,xt } and{yi"”’yt} are n
assumed to be mutually independent given the
hypothesis H, i.e., O L

t
p(xl,...,xt, yl,...,ytlH) = g p(x.

PO

P(ﬁ |H) .
j=1

ot

| —4
Nt
el Ty
n'*'k .11'

™
(5-13) R
: . o : S
(A.11) The cost of making the final decision v, at DM, is AN
J(v,,H) where H is the true hypothesis. Furthermore, ity
(N

we assume that

J(0, Hy)

| v

J(1, Hy) , (5-14) e

J(1, H)

v

F-'&
J(0, H)) . (5-15) il

\( l'(-l

o *

7’ .
'i{ \".'f

Yy
Pets

(A.12) DM1 performs a nonsequential test and yields a

e
(AN
N
hY

XX
X

"y
>

*

decision u, € {0,1}. DM, performs the centralized

Wald test and yields a decision v

2

l”.
£s

7

¢ € {0,1, continuel.

DM2 must make a final decision Ve € {0,1} no later

than t = N.

Under (A.5) - (A.12), the decentralized sequential
detection problem is to obtain all the decision rules so as

to
Minimize E{J(yv(yz), H) }
v 20, (), v (e T
(P6) { subject to (A.5) - (A.12)

where t is the stopping time of DM2 and Ty

is the set of all the stopping rules (5-16)
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The solution of the problem (P6) is given by the

following theorem:

Theorem 5.2

For the system shown in Figure 5.1, the optimal decision
rules for the two-stage decentralized sequential detection

problem (N=2) are as follows:

(a) The optimum local decision rule at DM; at time 1 1is

described by the IRT,

1
A, (X)) f —— 2 t o, (5-17)
1

where
A Zl(l’ HO) - 21(0, HO)

t. 2 - ’ (5-18)
up - Tp(0, By - 5 (T, A

A 2
Zl(ul’ H) = Euzlul’sz(u ’ H)

and

38
g

(w?, W &1, pviut, W) Jev, 1) (5-19)
Vv

(b) The optimum local decision rule at DM1 at time 2 is

described by the LRT,

, e |xB) YT
b, () = ===~

t o (uy) (5-20)
2 p(H_|x*) u u, 1

=0 2

Do AV

where
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¢ ) A Zz(ul,u2=1, Ho
u, 1 Zz(ul,u2=0, Hl

~ P

) - Zz(ul,u2=0, HO) . (5-21)
) - £,(up,u,=1, H;)

e

-
»

(c¢) The optimum decision rules at DM2 are described by

.
? three thresholds 22, a5 81. The thresholds satisfy the
4
! following equations:
s At t=1
R R
E: ag J(0,1) + (1 - op) J(1,1)
g . p(u,,y,IH,)
=B o, U2 lG3w r%+ T ZT 6,7, TH ]
YZ’ 2 a]p ZSYZ fo) a p ’YZ 1
]
A (5-22)
)
X and
; By J(0,0) + (1 - By) J(1,0)
:
YUy 1P U2, Y o IH, 1) PlugsY, ity
id
L (5-23)
6
'f where
: i, e Iy =
) 1 o''u
1
. min { min E (Jev, ,WD Iy}, (5-24)
; v,e[0,1] AL t u
: ' ] 2
' EYz*“z {Jz(p(Holyu))}}
iy
. At t=2
N . J(0,1) - J(1,1) i
" Ly T IO T I(0.T) - J(0.0) — oy (5029
“
¥
96
U
3
:‘l &\ % \}“\k&\}s $ \& ".}'v«. -P'%":h‘_\p::-{'. LY "s__'\-‘ %. -\ \ ‘\. ‘\.'. ﬂ.‘ \.w‘\. .- X -\‘ - ‘*_-{ " ﬁ\r L) \:‘\E Q:‘ -.-s ?‘_\_
_\.‘* ahats Ry -..)_\\\. A Yy "'v-
:‘I.!‘IL Q. ‘.‘ . .h.. AN ‘\' N .‘ al! ‘\‘ -( f iN J\% ::t;..&\.:ﬂu'.t'- \’ - - }'.\;\ (:{ - “&‘f '.




,-..‘\',....-.,V."‘\"-..“'. 3 .'..,~.| gty 0% ‘i‘o 4.8 Sa 8 ) gt 1 at u.l g O ¢ 30 Rt * 8a® 02* ’W

At each timet,DM2 evaluates p(Holys) using its observation

X N

ty - .
and compares p(Holyu) with a; and 8, (or &, if t=2). De-

k)
? cision maker 2 decides to stop or continue according to the
N following rule:
K
',
. At t=1
i
" if p(Holyl,ul) < a; » decide Hy ;
.
o . . .
2 if p(Holyl,ul) > By decide HO H
Y
s if o < p(Holyl,ul) < By , continue to take
o observations.
K
) At t=2
)
: . 2 . )
J if p(Holyu) >0 decide H,
v
z . 2 : , )
: if p(Holyu) <Ry decide H; ; (5-26)
K™, where
' 2 1A
; Yy : {y1»Yg» upsup} and y, = {yg,uq)
igd
2 Proof:
h The objective is to minimize
K\
: R 2 E {J(v,,H)) (5-27)
X The decision rule at time 1 for DM, is obtained as
: follows. Writing (5-27) explicitly, we have
N 2 .2 .2 .2 2.2
. R = 22 5 [ , p(u”,v7,x",y",H) J(v,,H) dx"dy
. Haumvs <2y (5-28)
v,
'ﬁ We define
’.
:-»
N 97
3
g

----- AR vy
“chxﬁwiﬁxsiﬁw
Pl .n,l. .
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2 f 2 2,2 2 Al
I,(u",H) = [, jz p(v7,y |u,H) J(v,,H) dy (5-29) e
Vv

y Q"C’“ oA

Substituting (5-29) in (5-28), we get o @

R= 1], J p(uz.xz,H) dx* ZZ(uZ,H) , (5-30) Ly
H,u X2 Xy
where -“J-"'.' :

2

2

- p(HIx)) plx;) - (5-31) FAS

Using {(5-11), (5-31) becomes PN

2 .2
p(u”,x",H) = plu,,X,|uy,xy,H) pluyixy) p(HIx) p(x;)
(5-32) N

A
Substituting (5-32) in (5-30), and integrating with respect 3% ;ﬁ
o

to all values of X,, we have

R= T, [ ptuylupxpam pluglxy) p0iIx)) plxp) 2y
de xl ;t\_:_‘;

2 o
(u”,H) (5-33) RASE A

Z o .‘-\":ﬁ

+ dx, I

1
Expanding with respect to u,; and ignoring a constant term, ﬁh&§¢
we have

f P(x;) p(uy=0]xy) % p(H|x;) ;iﬁ

X 1 ::»_-. :-.

{1 plu,|u;=0,H) £,(u;=0,u,,H) B
u
h 2
Ny

[V A
. _ - - ) RSN
F: -] p(uzlul—l,H) _2(u1 O,uZ,H)} (5-34) PRGN
i\ U, e
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Expression (5-34) is minimized if éky 3

= = H;?‘

0 if z p(Hlxl){Z p(u2|u1=0,H) 22(U1=0,UZ,H) vaﬁ'
H U, S

- = = [ ]
E p(uylu;=1,H) I,(u;=1,u,,H)} > 0 ey
2

1 otherwise (5-35)

Expression (5-35) can be written in a more convenient form

as

p(u1=O]x1) =

0 if EHlx {Eu lu, =0,H Zz(u1=0,u2,H)
1 271
- Eu21u1=1’H22(u1=1,u2,H)} >0 —
1 otherwise . (5-36) ;Eﬁiﬁ
."J’-:";:
We define Rigen
o
: e
v 2 - L\
) (uy,H) Euzlul’H L,(ug,u,,H) (5-37) -ﬁtfﬁ'
P"':'-:"_-ﬂ :
From (5-14), it follows that A:E;:
. e
o - ,:.r
Py (1,HG) 2 23 (0,H) S
(5-38) e
?jl(O,Hl) > 21(1,H1) ;Z-:}_Z
Using (5-38), we then obtain the following decision rule 1%;
Tt
. SN
at DM; at time 1, A
e
99 :
»
"ﬁ#*g
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1
> t , (5-39)
1

which is the desired result as stated in Theorem 5.2(a).
Next, the decision rule at time t=2 for DM1 is obtained.

Starting with expression {5-30), we have
R= T, f pu’,x%, 0 ax? 5, udH) . (5-40)
H,u 2
X
Using Bayes rule, we have

2 .2 2,.2 2 2
p(u”,x”,H) = p(u”{x",H) p(H|[x") p(x") . (5-41)
Using (5-11), we have

pu?,x?,H) = pu?lx®) puix®) pxH) . (5-42)

Furthermore,

p(u’1x®) = plu,lu;,x?) plug(x?) . (5-43)

Using (5-11), we have
p(u]x?) = plu,|uy,x4) plug|x;) (5-44)
Pluy iUy ,X ) PLUy Xy

Substituting (5-44) and (5-42) in (5-40), we obtain

“

R = Hz 2 J p(H’xz) p(uzlul:xz) p(ullxl) p(xz)
U L

. E,(uZ,H) de . (5-45)

Explicitly summing over u,, and neglecting a constant term,

we have
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R =] f p(u2=0|u1,x2) p(uy %) p(x*) dx’
e

(1 XD [2,(uy,u,=0,H) = £y(u;,u,=1,H)]) (5-46)
H

Expression (5-46) is minimized by setting

2
p(u,=0]u,,x") =

0 if § p(HIx®)(z,(up,u,=0,H) - £,(u,u,=1,H)] > 0
f : 2 -

1 otherwise (5-47)

We assume that

Zz(ul,u2=0,H1) > Zz(ul,u2=1,H1)
(5-48)

Ez(ul,u2=1,Ho)z Zz(ul,u2=O,Ho)

Note that (5-48) follows from (5-14). Expanding (5-47) over

H, we obtain the decision rule for DM1 at time 2

u2=1
2
Au (x™) > tu (ul) (5-49)
2 _ 2
uz—l

which is the desired result of Theorem 5.2(b).

We need not prove part (c) of the theorem in detail
because the results can be obtained by a straightforward
application of the results of Theorem 5-1. This completes

the proof of Theorem 5-2. Q.E.D.
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(5-50)
(5-52)
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The above results can easily be ex-

Vo
The results are stated in Theorem 5-3 without

In Theorem 5-2, we presented the results for the

Consider the configuration shown in Fig. 5.1.
The optimal local decision rules at DM1 for

SN NWVIRR VL
For 1<t<\N

tended to the multi-stage decentralized sequential detection
At t=N,

two-stage decentralized sequential detection problem for a
optimal decision rules for the multi-stage decentralized
sequential detection problem are given as follows:
t=1,...,N, are described by the LRT's given below.

tandem configuration.

problem.
proof.
Theorem 5-3
where

(a)

RT R AN X OHY
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. £,(1, H)) - 1,00, H)
u; 2,00, Hy) - 5 (T, H)

t-1 t-1
t-1 é zt(u ’ 1’ H ) - Zt(u , O, HO)
t-1

,O: Hl) N Zt(u ’ 1, Hl)

l1<t<N (5-53)

4 E ., (u

H) (5-54)
UN,...,Ut"_l‘ut’H N ’

P4
Ic>

- ZN p(vN|uN9H) J(Vt: H) (5‘55)
v

= E NN J(vy, H) . (5-56)

-,
L&

and = ¢
3 t P(HIIX )
& Au (x7) = — (5-57)
; t p(H,|x")

-
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(b) The optimum decision rules at DM2 are described by

LY
>
Ly

L&¢

2N-1 thresholds a

-

\l
2y
S S

17 %Oy Bl’ 82""’BN-1’ and QN'

Iy
%ﬁ
Y.
x

e

'.4'
"I

’

AR g 6 a -

The thresholds satisfy the following equations.

s
’ -‘I _‘
l"x

{,.')
‘l
7

' "™
, At t=k (k=1,...,N-1) e

2,

' ) AE AN,
i J(0,1) + (1 - ak) J(1,1)

! it e
7 -E 13, 5 PV e o) ) R
; yk+l’uk+1 k+1 ‘-"kmk+1)uk+1]noj + ( "‘)k) p\yk_"l,u-k.*l'”l) AN

|
(5-58) W
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AR Y2 a0 4% Qg QY O N T RS W AN N a WA M T R PSRN AN ¥ R L L A UA A At Oyt
v
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) ot
e

v o
b NI

PR IS i)
and oG,

C By J(0, 0) + (1 -8,) J(, 1) df-

¥ . G B POgerg 2V M) .
Yie1,Bke1 K1 Bp Ot R + T - By POy, 15U, [Hy) iy

(5-59) ‘

At t =N e

) JO, 1) - J(1, 1) ) )
W= IOy 0, D 30,0~ D (5-60) ..."\"':‘."'-

T

. t )
At each time t, DM, evaluates p(Holyu) with oy and By (or

2., if t=N) and decides to stop or continue according to the A AR

N
%
following rule. :',""..:."E

At t = k Lo,

if p(H0|Y ) Oy decide H0 NN N

A

A\
™

: t .
if p(HO|yu) > B, decide H, °

" t :
. < F
if a, < p(Holyu) < B, continue to take phy '*'ﬁ
™

o
. 4 W
R observations (5-61) A
) vy

PR S S U &

At t = N

-

. t .
if p(Holyu) 2 Ay decide H_

xS
el
]
"

]

i f pUH_IyD) < 2y decide H, (5-62) h

%y S
T .
"

Py
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Next, we consider the decentralized sequential probability

ratio test problem using the Neyman-Pearson approach.

A Decentralized Sequential Probability Ratio Test

Consider a distributed detection network with a data

fusion center as shown in Figure 5.2. We solve the problem

of decentralized sequential probability ratio test.

We use

the Neyman-Pearson approach for system optimization.

;x

)

U

N

X

h

‘ 5.4.

t

4

"

L)

h

:

9]

b

a

"

‘ (A.13)
! (A.14)
b/

3

~

: (A.15)
'

o

o

o

o

L]

]

o)

ﬂ

‘

‘

L]
2'2§3§£¢3ﬁ§§?%§§g
Y RtRR B o (A

TR T L TR TS A I I S A Ny bS .9
S PP AT » > 7 4, a0
SR LRty S et ):,"':'.'.'."-’, SANNYA

The problem is formulated as follows:

Consider two hypotheses {Ho, Hl} where the a priori

probability of Ho is given by

Prob [HO] = P0

DMy makes a decision u, at time t given by

u, = v, (x5, u e {0, 1) (5- 63

where Yu(-) is the decision rule at DMI’ and
t A

x = (xl,..., xt) represents the set of obser-
vations at DM1 up to time t.
DM, makes a decision v, at time t given by

Ve = Yv(yt) » Ve F {o, 11} (5-64)
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Figure 5.2 A Distributed Detection System with
a Data Fusion Center.
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where vy () is the decision rule at DM, and t 2 e

; v 2 and Yt 2 Oy ) e
(P

represents the set of observations at DM, up to time t. ﬁw'f"

(A.16) The observations {xl,...,xt} and {yl,...,yt} are

assumed to be mutually independent given éﬁbyf

X the hypothesis H, i.e., fogthe

t t )
“ g
P(XpseeosXey ¥yoeenny [H) = TWop(x;[H) T ply, [H) . eton i

(5-65) i

) (A.17) The data fusion center performs the centralized A
sequential probability ratio test which yields the s

final decision dt given by S

: d, = Ydt(ut, ve) (5-66) e

{ where (ut, Vt) are the decisions at DM1 and DM2 at time t. iqﬁ?“
i Under (A.13)-(A.17), the decentralized sequential proba- @Q&%!‘

bility ratio test problem is stated as follows: Vadlawtl

At each decision maker and at the data N,

S ")
. . . o
fusion center ,find the decision rules vy, (+), v, (+), NN

and Y4 (¢) so as to minimize the function F given by
t

: (P7) ) F 2 Pr(d,=0|H;] + A [Pr(d,=1[H_] - al

[
{'4

N
L
X2

EA A N S
7,
"l{

’}
e
S

h Y
.
LY

N

7

?,
W
o

under the constraint that (5-67)

AW

l{'
L'y
5

Pr[dt=1|Ho] = a' < g

and

ne>

\ 2 the Lagrange multiplier
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The solution to problem (P7) is given by the follow-

ing theorem:

Theorem 5.4

:
i :.::'S" "'}\", Wf Wl‘. " R."

W
", .un'.l‘:nu ..l”'t’v. G o "'

For the system shown in Figure 5.2, the optimal de-
cision rules for the two-stage decentralized sequential

probability ratio test problem are given by

(a) The optimal decision rule at DM1 at time 1 1is

described by the LRT.

(xl) & pO ) 17 (5-68)
A X > A -
uy p(xIIHO) u;=0 U1
where
0 _ _ 0 -
\ 5, Zl(ul—l, Ho) Zl(ul—O, HO) e 69
up " ylu-0. H Ir(u,=1, H (5-69)
1 L (uy=0, Hy) - 23(uy=1, H;)
and
Zi(u H.) E Zi(u u,,H.)
1917 7 u, |u, H, “2'U1°Y2005)
271775
i 2 . 2 2
Zz(ul,uz,Hj) = 52 p(v IHj) p(dt=1|u L,V . (5-70)
We also have
p(u1=0|Hl) = a,
1
) o -z)(u =0, H_) '
= =3 i) (5-71)
Zl(ul—l, Ho) - Zl(ul-O, HO)
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(b) The optimal decision rule of DM, at time 2 is described

1

by the LRT

i ’n u

: 2 1 :‘:::‘:J“

9, = s

i 2. PO T2 ERN

' My, () 2 = 2 P, (5-72) .
p(x |HO) uZ-O 2 Wﬁﬁ?

0 _ 0 -
Lp(up,u,=1,H,) - 2y (uy,u,=0,H)

(5-73) ry

u 1 _ . ol _ Ve

- 2 Zz(ul,uz—O,Hl) Zz(ul,uz—l,Hl) i)

.- ST AT
-.: l’:‘\‘:"‘-
: : 7
- a - Zz(ul,u2=0,Ho) Lrrns
p(ul,u2=1[Ho) = T (5-74) ‘v"
zz(ul,uz—l,Ho) —Zz(ul,uz—O,Ho) ol

-y

v

p(uy=0,u,=0]H) = JJ p(xq[H) p(x,|H) dx;dx,

D ’ ‘
)
i
) where Dé {xzz A (xz) <t () and A (xl) <t} (5-75) :kaﬂﬁ

B (c) The optimal decision rules at DM2 at times 1 and 2 are
obtained by interchanging x with y and u with v in

equations (5-68) through (5-75).

(d)

The decision rule at the data fusion center is given

by the following equation

'
At t=k (k=1,2,...,N-1) R

p Plugs vy Hp) N
T p(u,, v, H) =
Plles Ve lls

T,  decide H —

1 A,

| A

T decide H A
o e e o LIRS,

B T P A S N R R O T L I L Y
AT e e e AN e A e e e
- A N AT
ora SN

oY . DR I R T T T W x . WV W TN P TS . T, ) A w O A aN Ol N o MU



by If T < A < T continue to take
Y 0 dt 1 :
n observations (5-76)
"
i where
. P
. T &4 __M (5-77)
3 o 1 -P
'.Q F
o
:'. and
i 1 - P
: T, 4 M (5-78)
g 1 p
W F
: {P,,, P_.} are the pre-assigned probabilities of miss and \
A MOF Fatn
’ false alarm respectively. ®
ol g Y
A RS
‘ lthe
N At t=N N
. W]
A d - 1 A :.\’,.
c p Pluy> vylH) 7t 579 .
s If A, = > T -
= dy  pluy, vylH,) < £ ( : &":ﬂ o
i) dt= 0 ) '
).' 5?? .::‘
‘ where T. is given and satisfies Y el
i Iy
% To 2 Tg 2Ty A
e ReAS
o E
N Proof: QRN
. - ®
The decision rule at time 1 for DM1 is obtained as S "
- bl
b, follows: "'r,.
AUM
e e
The objective function by
™ A
) ) !
"~ = E = - - :" *
- F = Prid, 0|H1} + A[Prid, llHO} al (5-80) et
_'-K v ."~
N 5 5 .:'\-J‘\.
> is expanded with respect to u” and v~ to get ‘-'?-F:-
:’ :(\.'5(.
'\)\ AN )
'\.‘. .“P\‘I-_“
~ \.(\(l Y
St
@

]

[ e
il et Y \'\ > - o ST A A N e e e e T T NN A
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2 2 2 2
F z p(d =0,U 'V ‘H)+ >\[ z p(d =1,u » V |H ) 'a]
uZ’VZ t 1 UZ,VZ t fo)
(5-81)
Using Bayes rule, (5-81) yields
2 2 2 2
F= 2Z 2 p(dt=0‘u V) p(u”,v IHI)
u”,v
2 2 2.2
* Huzivz p(dy=1]u”,v") p(u”,v“|H ) - o] (5-82)

Using (5-63) through (5-65), we have
Z 2
F= T, pu i) [, pOvPH) pd =0]u?,v?)
u

L
Vv

+ All; p(uleo) Y, p(vleo) p(dt=l|u2,vz)-a] (5-83)
u v

We define
0, 2 2 2 2
Ly(u™,H ) = gz p(v IHO) p(dt=0|u , V) (5-84)
and
1, 2 2 2 2
Zz(u ,Hl) = 52 p(v |H1) p(dt=1|u , V) (5-85)

Substituting (5-84) and (5-85) in (5-83), we get

1
F = ) p(ul,ulel) zz(ul,uz,Hl)
UZ,UI
*A 0T pluguy [H) ) (g, uy,H ) - o (5-86)
u u
2’771
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Expanding with respect to u;, we have

1
F=17] p(u=0}H;) p(u,|u;=0,H;) I, (u =0,u,y,H)
u
2

\ PRTAGLY
. PN
K ] Lol u S
P + ] plu=1[H;) pluyfuy=l,H)) 25 (uy=1,u;,H)) o,

. ST
..’ uz ‘(\-.N.f
Vg i,

]
| (uy;=1|H.) p(u,ju,=1,H ) Zo(u =1,u,,H ) &
7 + A0} plup=1{Hy) plujiug=1,H,) 2, (u =1,up,8,

- u,
% :

+ ) p(u1=0|Ho) p(u2|u1=O,Ho) Zz(u1=0,u2,Ho)
Q‘ Uz
" - a) (5-87)
< 1
R N
- Expression (5-87) can be written as '.F".Q_J.
N -__&‘,\-
- Yy
‘o e
: F = plu;=0[H) Doq + Co1 gage!
5 ooy

8
=] @

, -
§2 +1 [plug=1|H)) D1o + Cip - ol (5-88) ,fﬁs
2 A
where Nt
_ )
. A
tf Do1 © ] p(u,|uy=0,Hy) Z%(u1=0,u2,Hl) Sﬁ&:i
- Y2 ‘ikw“
e AAALYY,
. - 7 plu,yug=1,Hy) 23 (uy=1,u,,H,) (5-89) 2]
N ) UZ ._:"J\ ‘
"‘l' :N:: >,
or B
2 e

- 1o, <
Doy = Euzlu1=0,H £5(uy=0,u,,H;)

I 1
L)
B E Iy(u,=1,u,,H,) (5-90)
N ) u,=1,H, “2*°1 272’1

. uyfuy=l,Hy
"y,
"
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DTN
4 Lo - o]
o1~ Fu,lu =1,0, F2(4171:ug0Hy) (5-91) el

B g o e o

- _ 0 -
D10 =) p(u2|u1—1,Ho) Zz(ul—l,uz,Ho)
b ) ?b&x{
y »

0
© 1 pluglug=0,H)) 55(u=0,uy,H)) (5-92) gﬂgyg,
2

or

o
t

0 {
= E _ zo(uy,=1,u,,H ) d
1o uzlul—l,Ho 2'71 2’ o

o o
LI
2 2L
ol
e

-

X
53
:Eh

0
- E - Z,(uy=0,u,,H ) (5-93)
uzlu1 0,H, "2°71 2’70

¥4
-

4

1

55
e
PO
PRI

7

0, .
1o Eu2|u1=O,Ho y(uy=0,u,,H)) (5-94)

2

{_‘Lil

¥
.i"‘t
L E%]

Ignoring the constant term Col’ an< dividing by Dol’

f."f“q
I'd
:.’.-. i
&
X

equation (5-87) gives

o0y
}?J?¢
A,

-
b‘l

I (5-95) M

1 ?prﬁ

u

Ful = p(u1=0|H1) + Aul[p(u1=1|H0) -~ a

YRy
el
i,
LA

o - -

where o

(5-96)

(5-97)
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By minimizing

o

i
%
.

TSRS
o o
LA,

‘J‘

(5-98)

(]
]
c
—
h!
55

5
"

e
oy By

(5-99)

- »
- u

K>

This completes the proof of Theorem 5-4 (a). - ‘:
The decision rule at DM; at time 2 is obtained as E;igx

follows. Starting with expression (5-86), and using the Ei&it

fact that decision u; is known at time 2, we get Lo

i@
.

55

-

X

-

1
F =) plup,uyfHy) 250uy,u,,H)
u
2

-

b
pa

.
L S

ok g |
<
A
ot

(5-100)

Ay
r

0
+ A[lzl p(ul’uleO) ZZ(ul’UZ’Ho) - Cl]
2

Pt g o )
™ ‘;)‘:

Expanding F with respect to u, and ignoring the constant

term, we have

T
¥

1 1
= p(ul,u2=0]H1) [zz(ul,u2=O,Hl) Yz(ul,u2=1,H1)]

+

- 0 = 0 =
A[p(ul,u2—1|HO) [Zz(ul,uz-l,Ho) Zz(ul,u2 O,HO)]
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O - - -
+ Zz(ul,uz-O,Ho) al (5-101)

Expression (5-101) can be written as

,\-r.';‘: .
S

[
)




FF1?7?T?q?T?QWY?Yy?vTV?VT7T?T?TP:?T?fVTVT?T?7V??7?f9?V??V?TVYVVYV?(KEHKHKHKﬁKﬁRﬂHBF'ﬁ‘f\ﬁWFWX'ﬁ‘FKX1F1£‘)1h‘):Hr)?}
u

r
?

FuZ = p(ul,U2=0|H1) + AUZ [p(ul:u2=1lHo) - duz] (5-102)
where
Zo(u u,=1,H )} - Zo(u u,=0,H )
A 2Y71272 o 271272 "o
Au = A I —1 (5-103)
2 Zz(ul,u2=0,H1) Zz(ul,u2=1,Hl)
o - Zo(u u,=0, H )
A 271272 7 o
a, T 5 T (5-104)
2 Zz(ul,uz-l,Ho) - Zz(ul,uz—O,Ho)

Minimizing (5-102) yields the result in Theorem 5.4 (b).
The decision rules at DM2 at time 1 and 2 are obtained
using similar derivations as in part (a) and (b).

We need not prove part (d) of the theorem because the
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results are a direct application of the classical results on
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the sequential probability ratio test. This completes the

>
n

proof of Theorem 5-4. Q.E.D.
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In Theorem 5-4, we solved the two-stage decentralized
sequential probability ratio test problem. The above results
can easily be extended to the multi-stage decentralized

sequential probability ratio test. The results are stated

in Theorem 5-5 without proof.

Theorem 5-5

Consider the configuration shown in Figure 5.2. The '
.
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optimal decision rules for the multi-stage decentralized :§ﬁ3?§
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The optimal local decision rules at DM, for t=1,..

(a)

are described by the LRT's given below :

(5-105)

(5-106)

1<t<N

@t

(5-107)
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XA

-

—

o0

<

—t

1

w

—

~
~ ~
(@] —t
jan) X
- -
o —
~— —
O =~
[ 2N
\ [
~ ~
O ~
I | =
- -
—~ o
o p
O
= -

~<

i
—

=]

<

N l- .b -l. A -v F
\nﬂ e. -.‘.1.. .L-I\}.-I.-lr\d
NS -.......J\..\....u
. L
VSIS XX 2
LA AN Y ¥ ¥

r~
(@]
o
—l
~ 1
~ — v
(o] e ot ~
e -
- —
o LY
~
—t 1
! +
© o
] ~—
— e -
O )L
2|
1 ! =2
) ~_~ <_
o —
Iz | = 'S
- -
— o v
I N
— — —
' ]
+ +
=3 3
~ ~
Ottt
3 28]
~
<
—~
—
I
fe]
3
~—
(=)
3
~<

L4

o \-w-ru-.q\f\hc\r L
~ o
[en) —
—t —t
— —
‘ !
w [Ee}
~— —

—

I -
. ~—
o] .
S~ >
-l 7 ~
[2N] 7

3
) " 1]
o | +
-— =
— | —
+ ja))
-
=3 —~
-~ jus)
. 7
. >
LY —
e jo¥
3
98] Z
L~
<t
<
—
€I ~~
e S
3 Z
~— 3
o —
28] o=
BN
e
o
[34]

(5-112)

or

116

el
g Ny
e ¥ M 7y
S

c A
.
s
A

~
N
!‘

o

o,
-,
o,

)
-'_\. &

“
)
I
"
L

e

o
. -‘\ -.:
A

>
e

-

P

e
NS
r":l‘
.



L
S
‘
{
[
‘
[3
3
.
-
LY
]
Ly
(3
3
»
®
v
 d
}Y
3
=
-
-
-
-
", Y
>
-
-
- -

5 'n}

[
@
A w

»

7
(3
~f

s%..
s
\;-;u

gy

[

=]

oY)

et

—

~

L Y
.
A
o’

Py

a - Zo(ut-l,O,H )

- ° : (5-113) 2

- - -~ -

L) 2wt o,m) ol
0] 0 ®

a
Ue Zo(u

t t

The optimal decision rules at DM, at all times are
obtained by interchanging x with y and u with v in

equations (5-105) through (5-113).

The decision rule at the data fusion center is given

by Theorem 5.4(d).

5-5. Discussion T

In this chapter, we have considered two decentralized

sequential detection problems namely: the Bayesian sequential

hypothesis testing problem for a tandem topology network, and g&é%;
- the decentralized sequential probability ratio test problem. Vﬁ':~
- In both problems, we derived the decision rules at each de- E;%?is
‘ RN NC SIS,
! cision maker at each time stage. Under the assumption that S&;ﬂé.
:‘ the observations are conditionally independent; the decision N

rules are likelihood ratio test (LRT). Furthermore, the

threshold of each decision maker at time t depends on all of

its previous decisions. llowever, all threshold equations

are coupled at all times. One needs to solve these equations

simultaneously in order to obtain a solution for the thresh-

olds. The coupling between the threshold equations causes

considerable complexity in the computation of the optimal
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CHAPTER SIX

SUMMARY AND SUGGESTIONS FOR FUTURE RESEARCH

6.1 Summary

In this Report , we have considered some hypothesis
testing problems where the detection network consists of a
multitude of gecgraphically distributed decision makers. We
investigated distributed detection problems for various net-
work topologies. First, we considered two schemes for data
fusion namely, centralized data fusion and distributed data
fusion. Next, the distributed detection problem with dis-
tributed data fusion was solved using the Bayesian approach
as well as the Neyman-Pearson approach. Then, the Neyman-
Pearson detection problem and the sequential hypothesis
testing problem for a tandem topology was solved. Finally,
the distributed sequential probability ratio test was in-
vestigated. In all cases, we have derived the optimal
strategies at each decision maker. The decision rules at
each decision maker turn out to be LRT's where the thresholds
are described by a set of coupled nonlinear equations. The
simultaneous solution of these equations yields the set of
thresholds. There may be several local solutions. Each must

be checked to assure that a global minimum is found.
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6.2 Suggestions for Future Research

Optimal decisions rules have been derived for various
distributed detection problems in this Report . The
thresholds associated with the decision rules are obtained
through the solution cof coupled nonlinear equations. The
computation of the numerical values of the thresholds is
extremely difficult and involved. Therefore, efficient
computational algorithms for the solution of the threshold
equations should be developed.

Throughout this Report , we have assumed that the
observations are conditionally independent as is the case
in most of the published literature. Hypothesis testing
problems with dependent observations should be investigated

due to its wide practical applications.

Different structures (topology, communication protocols,

etc...) of distributed detection systems should also be
studied, i.e., how should one organize the various decision
makers in a detection network in order to maximize the per-

formance of the overall system?
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